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Abstract. In this paper, the cosmological implications of the Power Law Entropy Corrected
Holographic Dark Energy (PLECHDE) and the Logarithmic Entropy Corrected Holographic
Dark Energy (LECHDE) models in the context of Brans-Dicke (BD) cosmology for both non-
interacting and interacting DE and Dark Matter (DM) are studied. As the system infrared
cut-off, we choose the recently proposed Granda-Oliveros cut-off, which contains a term
proportional to the first time derivative of the Hubble parameter and one term proportional
to H2, i.e. the Hubble parameter squared. We obtain the expressions of three quantities, i.e.
the Equation of State (EoS) parameter ωD, the deceleration parameter q and the evolutionary
form of the energy density parameter Ω′D of the PLECHDE and LECHDE models in a non-
flat Universe for non-interacting and interacting DE and DM as well. Moreover, we investigate
the limiting cases corresponding to: a) absence of entropy corrections; b) Einstein’s gravity;
and c) concomitantly absence of entropy corrections and Einstein’s gravity. Furthermore,
we consider the limiting case corresponding to the Ricci scale, which is recovered for some
particular values of the parameters characterizing the Granda-Oliveros scale. We also study
the statefinder diagnostic and the cosmographic parameters for both models considered in
this work.
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1 Introduction
Cosmological and astrophysical data recently obtained thanks to studies of Supernovae
Ia (SNeIa), the Large Scale Structures (LSS), the Cosmic Microwave Background Radiation
(CMBR) anisotropies and X-ray experiments provide strong evidences supporting a phase of
accelerated expansion of the present Universe [1–10].
In order to find a suitable model for our Universe, some possible reasons for the accelerated
expansion have been widely investigated. Three main classes of models are usually proposed
to describe this phenomenon: a) a Cosmological Constant Λ; b) Dark Energy (DE) models;
c) modified theories for gravity.
The Cosmological Constant Λ, which has EoS parameter which is given by ωΛ = −1, rep-
resents the simplest candidate proposed to have an explanation for the present expansion
with accelerated rate of our Universe. However, Λ is well known to be related to two main
problems, i.e. the fine-tuning problem and the cosmic coincidence problem [11]. According
to the fine tuning problem, the vacuum energy density is about 10123 times smaller than
what is observed. Instead, according to the cosmic coincidence problem, the vacuum energy
and DM are almost equal nowadays, even if they had an independent evolution and even if
they evolved from different mass scales (which is a particular fortuity if no interactions exist
between them). Many attempts have been made with the aim to propose a solution to the
coincidence problem [12–18].
The evidence of this cosmic expansion with accelerated rate we observe implies, if Einstein’s
theory of General Relativity (GR) is valid at cosmological scales, that the Universe must be
dominated by some still unknown type of missing component with some peculiar features.
For instance, it must not be clustered on large scales and its pressure must be negative. In
relativistic cosmology, the observed cosmic accelerated expansion can be described using a
perfect fluid which can be characterized by a pressure p and an energy density ρ satisfying
the relation ρ + 3p < 0. This kind of fluid with sufficiently high negative pressure is known
– 1 –
as dark energy (DE). In other words, the relation ρ + 3p < 0 implies that EoS parameter
ω = p/ρ for this fluid must obey the condition ω < −1/3, while from an observational point
of view it is a difficult task to constrain its precise value.
The largest amount of the cosmic energy density ρ is represented by the two dark sectors,
i.e. DE and Dark Matter (DM) which represent, respectively, the 68.3% and the 26.8% of the
energy density in the present day Universe [19], while the observed ordinary baryonic matter
contributes for only 4.9% of the cosmic energy density. Moreover, we can safely consider that
the radiation term negligibly contributes to the cosmic energy density.
As an alternative to the cosmological constant Λ, different candidates have been studied
in order to try to explain the nature of DE. Some of them include quintessence, tachyon,
quintom, k-essence, phantom energy, Chaplygin gas and Agegraphic DE (ADE) model [20–
45].
One of the most studied candidate for the DE is the Holographic DE (HDE) model,
which has its motivation from the holographic principle [46–50]. Cohen et al.[51] have shown
that, in the context of Quantum Field Theory (QFT), the ultraviolet (UV) cut-off ΛUV should
be connected to the infrared (IR) cut-off L by a limit set by the formation of a black hole.
Indeed, if the vacuum energy density associated to the UV cut-off is given by ρD = Λ
4
UV ,
therefore the total energy per length L should not be larger than the mass of the associated
black hole:
ED ≤ EBH ⇒ L3ρD ≤M2pL, (1.1)
where the quantity Mp = (8piGN )
−1/2 u 1018 GeV represents the Planck mass and GN =
6.67384×10−11m3kg−1s−2 denotes the Newton gravitational constant. If the largest possible
cut-off L is given by the one which saturates the inequality given in Eq. (1.1), one obtains
the energy density ρD of the HDE as follows:
ρD = 3c
2M2pL
−2, (1.2)
where c2 represents a dimensionless numerical constant which value c is evinced by obser-
vational data: for a flat Universe (which means k = 0) c = 0.818+0.113−0.097 and in the case
corresponding to a non-flat Universe (which means k 6= 0) we have c = 0.815+0.179−0.139 [52, 53].
According to a recent work made by Guberina et al. [54], the HDE model based on the entropy
bound can be derived in an alternative way. In fact, in black hole thermodynamics [55, 56]
the maximum value of the entropy in a box with size L, known as the Bekenstein-Hawking
entropy bound, is obtained using the relation:
SBH ≈M2pL2. (1.3)
We have that Eq. (1.3) scales as the area of the box (which is given byA ≈ L2) rather
than the volume of the box (which is given by the relation
(
V ≈ L3)). Moreover, for a
macroscopic system with self-gravity effects which can not be ignored, we know that the
Bekenstein entropy bound SB can be also obtained multiplying the energy E = ρDL
3 and
the linear size of the system given by L. If we require that the Bekenstein entropy bound
SB must be smaller than the Bekenstein-Hawking entropy (i.e. SB ≤ SBH , which implies
EL ≤M2pL2), it is possible to obtain the same result obtained from energy bound argument,
i.e. ρD ≤M2pL−2.
The HDE model has been widely investigated and studied in literature. Chen et al.
[57] used the HDE model in order to drive inflation in the early evolutionary phases of
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Universe. Jamil et al. [58] studied the EoS parameter ωD of HDE, by considering a time-
varying Newton’s gravitational constant GN ≡ GN (t). Moreover, they showed that ωD can
be significantly changed in the low redshift z limit. The HDE model was also studied in other
works [59–65] with different IR cut-offs, for example the particle, the Hubble and the future
event horizons. Moreover, a correspondence between the HDE model and other scalar field
models have been recently proposed [66–68]. It was also demonstrated that the HDE model
can precisely fit the cosmological data obtained from the SNe Ia and CMB [69–72].
The cosmic acceleration has been also accurately studied by imposing the concept of
modification of gravity [73]. This new model of gravity (predicted by string/M theory) gives
a very natural gravitational alternative for exotic matter. The explanation of the phantom,
non-phantom and quintom phases of the Universe can be well described using modified gravity
without the necessity of the introduction of a negative kinetic term in DE models. The cosmic
acceleration is evinced by the straightforward fact that terms (like the 1/R term) might
become fundamental at small curvatures. Furthermore, modified gravity models provide a
natural way to join the late-time accelerated expansion (which our Universe is experiencing)
and the early-time inflation (which is the first accelerated expansion our Universe experienced
in past epochs). Such theories are also prime candidates for the explanation of the DE
and DM, including for instance the anomalous galaxies rotation curves. The effective DE
dominance may be aided by a modification of gravity. Therefore, the coincidence problem
can be solved simply considering the fact that the Universe expands. Modified gravity theory
is also expected and believed to be relevant and useful in the framework of High Energy
physics, explaining the hierarchy problem or the unification of the other forces with gravity
[73]. Some of the most famous and known models of modified gravity are represented by
braneworld models, f (T ) gravity (where T indicates the torsion scalar), f (R) gravity (where
the quantity R indicates the Ricci scalar curvature), f (G) gravity (where the quantity G =
R2− 4RµνRµν +RµνλσRµνλσ is the Gauss-Bonnet invariant, with Rµν representing the Ricci
curvature tensor and Rµνλσ representing the Riemann curvature tensor), f (R, T ) gravity,
DGP models, DBI models and Horˇava-Lifshitz gravity gravity [74–103].
Since we have that the HDE energy density model is a dynamical model, we have that a
dynamical frame (like the Brans-Dicke (BD) theory) is required, in order to accommodate
it instead of General Relativity (GR). Moreover, considering the cut-off L = H−1, where H
denotes the Hubble parameter, it is not possible to exactly determine the EoS parameter ωD
in the context of GR. By assuming that our Universe is entering the phantom phase, we have
that modified gravity theories can provide a natural description to the passage from a non-
phantom to a phantom phase, without being necessary the introduction of the idea of presence
of exotic matter (like a scalar with wrong sign kinetic term or an ideal fluid with an EoS
parameter which satisfy the relation ωD < −1). Moreover, we have that the phantom phase in
modified gravity theory is often transient and the Brans-Dicke scalar field is able to speed up
the expansion rate of a dust matter dominated era reducing the deceleration and it can also
slow down the expansion rate of a cosmological constant Λ era reducing the acceleration. By
taking into account all the considerations done above, the study of HDE models in the context
of Brans-Dicke theory results to be well motivated. For this reason, many HDE models have
been well studied in the context of Brans-Dicke gravity [104–111]. In these papers, many
dynamical characteristics and features of the HDE models have been studied for both a flat
and a non-flat Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) background, for example the
cosmic coincidence problem, the quintom behaviour, the phantom crossing at the present
time, the EoS and the deceleration parameters ω and q.
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It must be emphasized that the black hole entropy, indicated with S, assumes an important
role during the derivation of the final expression of the HDE energy density. It is also well
known that the derivation of the expression of the HDE energy density strongly relies on
the entropy-area relation given, in General Relativity, by S ≈ A ≈ L2, where the quantity A
indicates the area of the black hole horizon while the quantity L indicates the characteristic
length of the system. However, the definition of the entropy-area relation can be also modified
by taking into account some quantum effects which have their motivation from the Loop
Quantum Gravity (LQG). The relation S = S (A), i.e. the entropy as function of the area A,
has two interesting possible modifications/corrections, which are in particular the power-law
[112–114] and the logarithmic [115] corrections.
In this paper, we decided to consider both the modifications of the HDE energy density due
to the power-law and the logarithmic corrections to the entropy S (A).
The power-law corrected form of the entropy is given by the following relation:
S (A) = c0
(
A
a21
)
[1 + c1f (A)] , (1.4)
where:
f (A) =
(
A
a21
)−ν
, (1.5)
with c0 and c1 being two constant parameters of the order of unity, a1 being the ultraviolet
cut-off at the horizon and ν being a fractional power which depends on the amount of mixing
excited and ground states. In the limiting case corresponding to a large horizon area (i.e. when
A >> a21), the contribution of the term f (A) is negligible and the mixed state entanglement
entropy asymptotically approaches the ground state (Bekenstein-Hawking) entropy.
Another useful form of entanglement entropy is given by the following relation:
S (A) =
A
4GN
(
1−KαA1−α/2
)
, (1.6)
where A = 4piR2h indicates the area of the horizon (with Rh denoting the black hole event
horizon), α represents a dimensionless constant while Kα represents a constant defined as
follows:
Kα =
α (4pi)α/2−1
(4− α) r2−αc
, (1.7)
where rc indicates the cross-over scale. We have that the second term present in the expression
of S (A) given in Eq. (1.6) represents the power law correction to the entropy-area law.
Instead, the logarithmic corrected expression of the entropy-area law has the following form:
S (A) =
A
4GN
+ αˆ ln
(
A
4GN
)
+ βˆ, (1.8)
where αˆ and βˆ denote two dimensionless constant parameters. We must also have αˆ > 0 in
order the entropy defined in Eq. (1.8) is a well defined quantity.
Motivated by the entropy relations given in Eqs. (1.6) and (1.8), new versions of HDE energy
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density, known respectively as Power Law Entropy Corrected HDE (PLECHDE) model and
Logarithmic Entropy Corrected HDE (LECHDE) model, were recently proposed as follows:
ρDpl = 3c
2M2pL
−2 − λM2pL−δ, (1.9)
ρDlog = 3c
2M2pL
−2 + %L−4 log
(
M2pL
2
)
+ L−4, (1.10)
where δ denotes a positive power-law index while λ, % and  represent three dimensionless
constants.
In the limiting case corresponding to λ = 0 and % =  = 0 (i.e., in absence of entropy
corrections), Eqs. (1.9) and (1.10) yield the expression of the HDE energy density given in
Eq. (1.2).
The correction terms present in Eqs. (1.9) and (1.10) are of the same order of the first
term only when the characteristic length of the system L is a very small quantity. At the
early evolutionary stages of the history of the Universe, when the Universe underwent an
inflationary phase, the power-law and logarithmic correction terms present in the PLECHDE
and LECHDE energy density models become more relevant. At the end of the inflationary
era, we have that the Universe enters in the radiation era and then in the matter-dominated
era: in these two eras, since the Universe became much larger respect with the previous eras,
we have that the power-law and the logarithmic entropy-corrected terms, i.e. the second term
in Eq. (1.9) and the second and the third terms in Eq. (1.10), can be neglected since they do
not give relevant contributions anymore. Therefore, the PLECHDE and the LECHDE models
can be considered as models of entropic cosmology which are able to unify the early-time
inflationary phase and the late-time cosmic accelerated expansion of the Universe.
In this paper, we decied to consider as the IR cut-off for the PLECHDE and the LECHDE
energy density models a recently proposed cut-off, based on purely dimensional grounds, and
known as Granda-Oliveros (GO) scale, denoted by LGO. The expression for LGO includes
a term proportional to the first derivative of the Hubble parameter H with respect to the
cosmic time t (i.e., H˙) and one proportional to the Hubble parameter squared (i.e., H2) and
it is given by the following expression [116, 117]:
LGO =
(
αH2 + βH˙
)−1/2
, (1.11)
where the quantities α and β indicate two positive constant parameters. In the limiting case
corresponding to {α, β} = {2, 1}, we obtain that the GO scale LGO becomes proportional
to the average radius of the Ricci scalar curvature (i.e., LGO ∝ R−1/2) in the case the cur-
vature parameter k assumes the value of zero, corresponding to a flat Universe. Recently,
Wang and Xu [118] have constrained the new HDE model in the framework of non-flat Uni-
verse using observational data. They derived that the best fit values of the parameters (α, β)
with their respective confidence levels are given by α = 0.8824+0.2180−0.1163(1σ)
+0.2213
−0.1378(2σ) and
β = 0.5016+0.0973−0.0871(1σ)
+0.1247
−0.1102(2σ) for non flat Universe, while for flat Universe they found
that are α = 0.8502+0.0984−0.0875(1σ)
+0.1299
−0.1064(2σ) and β = 0.4817
+0.0842
−0.0773(1σ)
+0.1176
−0.0955(2σ).
We decided to consider the GO scale LGO as infrared (IR) cut-off for some specific reasons.
If the IR cut-off chosen is given by the particle horizon, it is obtained that the HDE model
cannot produce an expansion of the Universe with accelerated rate. If we consider as cut-off
of the system the future event horizon, the HDE model has a causality problem. The DE
models which consider the GO scale LGO depend only on local quantities, then it is possible
to avoid the causality problem, moreover it is also possible to obtain the accelerated phase
– 5 –
of the Universe.
This paper is organized as follows. In Section 2, we study the PLECHDE and the LECHDE
models in the context of Brans-Dicke cosmology for a non-flat Universe, deriving and dis-
cussing some of the physical features and characteristics of these models, like for example
the EoS parameter ωD, the evolutionary form of the dimensionless energy density parameter
of DE Ω′D and the deceleration parameter q in absence and later on in the presence of an
interaction between the two Dark Sectors, i.e. DE and DM. We will choose three different
expressions for the interaction term Q (which characterizes the interaction between the DM
and DE): the expressions of Q we will consider are functions of the Hubble parameter H
and of the energy densities of DE and DM. Furthermore, we calculate the limiting cases of
the energy densities for the PLECHDE and LECHDE models corresponding to λ = 0, which
means no power law correction in the expression of the DE energy density, to % =  = 0,
which means no logarithmic corrections in the expression of the energy density, to the Ein-
stein’s gravity, to both λ = 0 and Einstein gravity together and finally to both % =  = 0
and Einstein gravity together. Moreover, we derive the expressions of the Hubble parameter
H and of the scale factor a as functions of the cosmic time t. In Section 3, we study the
statefinder diagnostic (which is a useful tool studied in order to check deviations of the mod-
els considered from the ΛCDM one) for the models considered in this paper. In Section 4,
we derive the expressions of the cosmographic parameters for the models considered. Finally,
Section 5 is devoted to the Conclusions of this paper.
2 PLECHDE and LECHDE Models in the Framework of Brans-Dicke Cos-
mology
The main aim of this Section is the description of the most important cosmological fea-
tures of the Brans-Dicke (BD) cosmology and the derivation of some important cosmological
parameters, like the EoS parameter ωD, the deceleration parameter q and the evolutionary
form of the energy density parameter of DE Ω′D for both non-interacting and interacting
Dark Sectors and for both models considered.
Within the framework of the Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) cosmol-
ogy, the line element can be expressed, in spherical coordinates, as follows:
ds2 = −dt2 + a2 (t)
(
dr2
1− kr2 + r
2dΩ2
)
. (2.1)
In Eq. (2.1), a (t) represents the scale factor (which gives information about the expansion
of the Universe), r indicates the radial component of the metric, t is the cosmic time and k
indicates the curvature parameter, which can assume one of the values −1, 0 or +1 yielding an
open, a flat, or a closed FLRW Universe, respectively. Moreover, dΩ2 = r2
(
dθ2 + sin2 θdϕ2
)
denotes the solid angle element (squared). The two angles θ and ϕ represent, respectively, the
usual azimuthal and polar angles and their values are constrained in the ranges 0 ≤ θ ≤ pi
and 0 ≤ ϕ ≤ 2pi. The four coordinates (r, t, ϕ, θ) are also known as co-moving coordinates.
The action SBD of Brans-Dicke cosmology is given by the following expression:
SBD =
∫
d4x
√−g
(
−ϕR+ ω
ϕ
gµν∂µϕ∂νϕ+ Lm
)
. (2.2)
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By defining ϕ = φ
2
8ω , the action SBD given in Eq. (2.2) can be written in its canonical form
[119]:
SBD =
∫
d4x
√−g
(
− 1
8ω
φ2R+
1
2
gµν∂µφ∂νφ+ Lm
)
, (2.3)
where the quantities g, ω, φ, and Lm represent, respectively, the determinant of the tensor
metric gµν , the BD parameter, the BD scalar field and the Lagrangian of the matter. More-
over, ∂ν indicates a covariant derivative. We can straightforwardly obtain the expressions of
Friedmann equations in the context of Brans-Dicke cosmology making the variation of the
expression of the action SBD given in Eq. (2.3) with respect to the FLRW metric given in
Eq. (2.1), which yields to the following system of equations:
3
4ω
φ2
(
H2 +
k
a2
)
− φ˙
2
2
+
3
2ω
Hφ˙φ = ρD + ρm, (2.4)
−φ
2
4ω
(
2a¨
a
+H2 +
k
a2
)
− Hφ˙φ
ω
− φ¨φ
2ω
− φ˙
2
2
(
1 +
1
ω
)
= pD, (2.5)
φ¨+ 3Hφ˙− 3
2ω
(
a¨
a
+H2 +
k
a2
)
φ = 0. (2.6)
The quantities ρD, pD and ρm denote, respectively, the energy density of DE, the pressure
of DE and the energy density of DM, which is considered to have pressure equal to zero, i.e.
pm = 0. We are also considering the contribution of the radiation term ρr negligible, since
we have that ρr ' 0. Moreover, as usual, the symbols ( ˙ ) and (¨) denote the first and the
second derivative with respect to the cosmic time t of the relevant quantity, respectively.
We can assume that the BD field has a power-law dependance with the scale factor
a(t) given by φ ∝ an, where n represents a positive power-law index. It has been observed
that small values of n lead to consistent results [120, 121]. Particularly interesting is the case
corresponding to small values of n whereas ω assumes big values, such that nω ≈ 1. In fact,
local astrophysical observations can impose a lower bound on the value of ω. For example
the Cassini experiment sets ω & 104 [122, 123], and strong constraints on the value of n can
be determined.
The expression φ ∝ an implies that the first and the second time derivatives of φ are
given, respectively, by:
φ˙ =
dφ
dt
= nan−1a˙ = nHφ, (2.7)
φ¨ =
d2φ
dt2
= nHφ˙+ nφH˙ = n2H2φ+ nφH˙, (2.8)
where we used the result of Eq. (2.7) in Eq. (2.8).
In the framework of BD theory, taking into account Eqs. (1.9) and (1.10), the energy densities
of the PLECHDE and LECHDE models, indicated with ρDpl and ρDlog, are given by the
following relations:
ρDpl =
3c2φ2
4ωL2
− λφ
2
4ωLδ
, (2.9)
ρDlog =
3c2φ2
4ωL2
+ %L−4 ln
(
φ2L2
4ω
)
+ L−4, (2.10)
– 7 –
which can be also rewritten in the following way:
ρDpl =
3c2φ2
4ωL2
γpl, (2.11)
ρDlog =
3c2φ2
4ωL2
γlog, (2.12)
where γpl and γlog are defined, respectively, as follows:
γpl = 1− λ
3c2Lδ−2
, (2.13)
γlog = 1 +
4ω%
3c2φ2L2
ln
(
φ2L2
4ω
)
+
4ω
3c2φ2L2
= 1 +
4ω
3c2φ2L2
[
% ln
(
φ2L2
4ω
)
+ 
]
. (2.14)
Eqs. (2.9) and (2.10) are motivated by the fact that, in BD cosmology, the scalar field plays
the role of the Newton’s constant GN , i.e. φ
2 ∝ 1/GN .
In the limiting cases corresponding to λ = 0 and % =  = 0 (i.e. in absence of both
power-law and logarithmic corrections), we have that γpl = γlog = 1, therefore the energy
densities of the PLECHDE and the LECHDE models ρpl and ρlog defined, respectively, in
Eqs. (2.9) and (2.10) reduce to:
ρDpl = ρDlog =
3c2φ2
4ωL2
, (2.15)
which is the expression of the HDE energy density in the framework of Brans-Dicke cosmology.
Now, by substituting L with LGO, we can write Eqs. (2.9), (2.11) and (2.13), which describe
the DE energy density for the PLECHDE model, as follows:
ρDpl =
3c2φ2
4ωL2GO
− λφ
2
4ωLδGO
, (2.16)
ρDpl =
(
3c2φ2
4ωL2GO
)
γpl, (2.17)
γpl = 1− λ
3c2Lδ−2GO
. (2.18)
Moreover, by substituting L with LGO, we can write Eqs. (2.10), (2.12) and (2.14), which
describe the DE energy density for the LECHDE model, as follows:
ρDlog =
3c2φ2
4ωL2GO
+ %L−4GO ln
(
φ2L2GO
4ω
)
+ L−4GO, (2.19)
ρDlog =
(
3c2φ2
4ωL2GO
)
γlog, (2.20)
γlog = 1 +
4ω%
3c2φ2L2GO
ln
(
φ2L2GO
4ω
)
+
4ω
3c2φ2L2GO
. (2.21)
In the limiting case corresponding to λ = 0 and % =  = 0 (which imply absence of both
power-law and logarithmic corrections and γpl = γlog = 1), the energy densities for the
– 8 –
PLECHDE and the LECHDE models defined in Eqs. (2.16), (2.17), (2.19) and (2.20) reduce
to:
ρDpl = ρDlog =
3c2φ2
4ωL2GO
, (2.22)
which represents the expression of HDE energy density in BD cosmology with Granda-
Oliveros cut-off LGO, a model recently studied by Jamil et al. [124].
In Eqs. (2.9), (2.11), (2.15), (2.16), (2.17), (2.22), we have φ2 = ω2piGeff , where Geff
represents the effective gravitational constant. In the limiting case of Einstein’s gravity, re-
membering that in this case we have Geff → G, we have φ and Mp are related through the
relation φ2 = 4ωM2p and Eqs. (2.16) and (2.19) reduce, respectively, to the PLECHDE and
to the LECHDE energy densities in Einstein’s gravity which are given, respectively, by the
following relations:
ρDpl =
3c2M2p
L2GO
− λM
2
p
LδGO
, (2.23)
ρDlog =
3c2M2p
L2GO
+ %L−4GO ln
(
M2pL
2
GO
)
+ L−4GO. (2.24)
The critical energy density (i.e. the average energy density required for flatness) ρcr and the
energy density of the curvature parameter ρk are defined, respectively, as follows:
ρcr =
3φ2H2
4ω
, (2.25)
ρk =
3kφ2
4ωa2
. (2.26)
Instead, the fractional energy densities for DM, curvature parameter k and DE are defined,
respectively, as follows:
Ωm =
ρm
ρcr
=
4ωρm
3φ2H2
, (2.27)
Ωk =
ρk
ρcr
=
k
a2H2
, (2.28)
ΩDpl =
ρDpl
ρcr
=
4ωρDpl
3φ2H2
=
c2γpl
L2GOH
2
, (2.29)
ΩDlog =
ρDlog
ρcr
=
4ωρDlog
3φ2H2
=
c2γlog
L2GOH
2
, (2.30)
where we used the definitions of ρpl and ρlog given, respectively, in Eqs. (2.17) and (2.20).
Combining Eqs. (2.7), (2.25) and (2.26) with the Friedmann equation given in Eq. (2.4), we
obtain the following expressions:
ρcr + ρk = ρm + ρDpl + ρφ, (2.31)
ρcr + ρk = ρm + ρDlog + ρφ, (2.32)
where ρφ is defined as follows:
ρφ =
1
2
nH2φ2
(
n− 3
ω
)
, (2.33)
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and it represents the energy density of the BD scalar field φ. We can clearly see that Eqs.
(2.31) and (2.32) related all the energy densities considered.
By dividing Eqs. (2.31) and (2.32) by the critical energy density ρcr defined in Eq. (2.25)
and using the definitions of the fractional energy densities given in Eqs. (2.27), (2.28), (2.29)
and (2.30), Eqs. (2.31) and (2.32) can be rewritten as follows:
1 + Ωk = ΩDpl + Ωm + Ωφ, (2.34)
1 + Ωk = ΩDlog + Ωm + Ωφ, (2.35)
where Ωφ is given by:
Ωφ = 2n
(nω
3
− 1
)
, (2.36)
and it represents the fractional energy density of the BD scalar field φ. The main feature of
Eqs. (2.34) and (2.35) is that they relate the fractional energy densities of all the components
defined in this work, i.e. DE, DM, curvature parameter k and Brans-Dicke parameter φ.
As stated before, we choose the GO scale LGO given in Eq. (1.11) as IR cut-off of the system.
The first derivative with respect to the cosmic time t of the expression of LGO defined in Eq.
(1.11) is given by the following relation:
L˙GO = −H3L3GO
[
α
(
H˙
H2
)
+ β
(
H¨
2H3
)]
, (2.37)
while the first time derivative of the energy densities of the PLECHDE and the LECHDE
models ρDpl and ρDlog given, respectively, by Eqs. (2.16) and (2.19), can be written as follows:
ρ˙Dpl = 6H
3
[
α
(
H˙
H2
)
+ β
(
H¨
2H3
)]
pl
φ2c2
4ω
(
1− λδ
6c2Lδ−2GO
)
+
3c2φ2
2ωL2GO
nH
(
1− λ
3c2Lδ−2GO
)
= 6H3
[
α
(
H˙
H2
)
+ β
(
H¨
2H3
)]
pl
φ2c2
4ω
(
1− λδ
6c2Lδ−2GO
)
+
3c2φ2
2ωL2GO
nHγpl, (2.38)
ρ˙Dlog = 6H
3
[
α
(
H˙
H2
)
+ β
(
H¨
2H3
)]
log
×
φ2c2
4ω
{
1 +
4ω
3φ2c2
L−2GO
[
2% ln
(
φ2L2GO
4ω
)
− %+ 2
]}
+
φ2c2nH
4ωL2GO
(
8ω%
φ2c2L2GO
+ 6
)
, (2.39)
where we used the expression of L˙GO given in Eq. (2.37).
By differentiating the Friedmann equation given in Eq. (2.4) with respect to the cosmic time t
and using the results of Eqs. (2.38) and (2.39), we can write the terms
[
α
(
H˙
H2
)
+ β
(
H¨
2H3
)]
pl
and
[
α
(
H˙
H2
)
+ β
(
H¨
2H3
)]
log
for the PLECHDE and the LECHDE models, respectively, as
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follows: (
α
H˙
H2
+ β
H¨
2H3
)
pl
=
[
− nc
2
L2GOH
2
γpl +
H˙
H2
(1− Ωφ)
+n (ΩDpl + Ωm)− (ΩDpl + Ωφ − 1) + Ωm
2
]
×(
c2 − λδ
6Lδ−2GO
)−1
, (2.40)(
α
H˙
H2
+ β
H¨
2H3
)
log
=
[
− nH
L2GO
(
8ω%
φ2L2GO
+ 6c2
)
+
H˙
H2
(1− Ωφ)
+n (ΩDlog + Ωm)− (ΩDlog + Ωφ − 1) + Ωm
2
]
×
{
c2 +
4ω
3φ2
L−2GO
[
2% ln
(
φ2L2GO
4ω
)
− %+ 2
]}−1
. (2.41)
Using the definition of LGO given in Eq. (1.11) and the expression of the fractional energy
densities of DE given in Eqs. (2.29) and (2.30), we obtain, after some calculations, the fol-
lowing expressions for the terms
(
H˙
H2
)
pl
and
(
H˙
H2
)
log
:
(
H˙
H2
)
pl
=
1
β
(
ΩDpl
c2γpl
− α
)
, (2.42)(
H˙
H2
)
log
=
1
β
(
ΩDlog
c2γlog
− α
)
. (2.43)
Therefore, using the results obtained in Eqs. (2.40), (2.41), (2.42) and (2.43), Eqs. (2.38) and
(2.39) yield, respectively:
ρ˙Dpl =
3H3φ2
4ω
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ}
=
HρDpl
ΩDpl
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ} , (2.44)
ρ˙Dlog =
3H3φ2
4ω
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ}
=
HρDlog
ΩDlog
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ} . (2.45)
In Eqs. (2.44) and (2.45), we have used the definitions of ΩDpl and ΩDlog given in Eqs. (2.29)
and (2.30).
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Eqs. (2.44) and (2.45) also lead to the following expressions for the evolutionary forms of the
energy densities of the PLECHDE and LECHDE models ρ′Dpl and ρ
′
Dlog:
ρ′Dpl =
ρ˙Dpl
H
=
ρDpl
ΩDpl
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ} , (2.46)
ρ′Dlog =
ρ˙Dlog
H
=
ρDlog
ΩDlog
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ} . (2.47)
In Eqs. (2.44), (2.45), (2.46) and (2.47), the quantities upl and ulog are given, respectively,
by the following relations:
upl =
ρm
ρDpl
=
Ωm
ΩDpl
=
1 + Ωk − Ωφ
ΩDpl
− 1, (2.48)
ulog =
ρm
ρDlog
=
Ωm
ΩDlog
=
1 + Ωk − Ωφ
ΩDlog
− 1, (2.49)
where we used the relations between all fractional energy density obtained in Eqs. (2.34) and
(2.35).
2.1 Non Interacting Case
We now want to obtain some important physical quantities in the case DE and DM do
not interact each other.
In order to satisfy the local energy-momentum conservation law, which is given by∇µTµν = 0
(with the term Tµν representing the energy-momentum tensor), the total energy density,
defined as ρtot = ρD + ρm, must satisfy the continuity relation given by:
ρ˙tot + 3H (1 + ωtot) ρtot = 0, (2.50)
where ωtot ≡ ptot/ρtot represents the total EoS parameter, with ptot denoting the total pres-
sure, which is equivalent to the DE pressure pD since we consider pressureless DM.
If there is not interaction between the two Dark Sectors, i.e. DE and DM, the two energy
densities ρD and ρm for DE and DM are conserved separately in the following way:
ρ˙Dpl + 3HρDpl (1 + ωDpl) = 0, (2.51)
ρ˙Dlog + 3HρDlog (1 + ωDlog) = 0, (2.52)
ρ˙m + 3Hρm = 0, (2.53)
where ωDpl and ωDlog are the EoS parameters of the PLECHDE and LECHDE models,
respectively.
Eqs. (2.51), (2.52) and (2.53) can be written in the following equivalent forms:
ρ′Dpl + 3ρDpl (1 + ωDpl) = 0, (2.54)
ρ′Dlog + 3ρDlog (1 + ωDlog) = 0, (2.55)
ρ′m + 3ρm = 0. (2.56)
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From the continuity equations obtained in Eqs. (2.51), (2.52), (2.54) and (2.55), we can easily
obtain the following expressions for the EoS parameters for the PLECHDE and LECHDE
models ωDpl and ωDlog:
ωDpl = −1− ρ˙Dpl
3HρDpl
= −1− ρ
′
Dpl
3ρDpl
, (2.57)
ωDlog = −1− ρ˙Dlog
3HρDlog
= −1− ρ
′
Dlog
3ρDlog
. (2.58)
By inserting in Eqs. (2.57) and (2.58) the expressions of ρ˙Dpl and ρ˙Dlog obtained in Eqs.
(2.51) and (2.52) (or equivalently the expressions of ρ′Dpl and ρ
′
Dlog obtained in Eqs. (2.54)
and (2.55)), the EoS parameters for the PLECHDE and the LECHDE models ωDpl and ωDlog
can be written, respectively, as follows:
ωDpl = −1− 1
3ΩDpl
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ} , (2.59)
ωDlog = −1− 1
3ΩDlog
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ} . (2.60)
We can clearly observe that the expressions of ωDpl and ωDlog depend on most of the quantities
characterizing the DE models and the Brans-Dicke theory.
We now want to derive, for both models we are considering, the expression of the deceleration
parameter q, which is generally defined as follows:
q = − a¨a
a˙2
= −1− H˙
H2
. (2.61)
The expansion of the Universe results to be accelerated if the quantity a¨ assumes a positive
value, as recent cosmological measurements suggest; in this case, q assumes a negative value.
Positive values of q indicate a non accelerating universe.
We can use two different approaches which allow to find the final expression for the deceler-
ation parameter q.
In the first one, we can insert the results of Eqs. (2.42) and (2.43) in Eq. (2.61), obtaining,
respectively, the following expressions for qpl and qlog:
qpl = −1− 1
β
(
ΩDpl
c2γpl
− α
)
= − 1
β
(
ΩDpl
c2γpl
+ β − α
)
, (2.62)
qlog = −1− 1
β
(
ΩDlog
c2γlog
− α
)
= − 1
β
(
ΩDpl
c2γlog
+ β − α
)
. (2.63)
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In the second way, dividing Eq. (2.5) by H2 and by using the results of Eqs. (2.7), (2.8),
(2.28), (2.29) and (2.30), the following relations for qpl and qlog are obtained:
qpl =
1
2 (n+ 1)
[
(2n+ 1)2 + 2n (nω − 1) + Ωk + 3ΩDplωDpl
]
, (2.64)
qlog =
1
2 (n+ 1)
[
(2n+ 1)2 + 2n (nω − 1) + Ωk + 3ΩDlogωDlog
]
. (2.65)
The final expression for the deceleration parameters qpl and qlog can be now derived by substi-
tuting in Eqs. (2.64) and (2.65) the expression of the EoS parameters ωDpl and ωDlog derived,
respectively, in Eqs. (2.59) and (2.60). We can clearly realize that the final expressions of the
deceleration parameters qpl and qlog depend on the fractional energy densities of DE, on the
EoS parameters of DE, on the fractional energy density of curvature Ωk, on the Brans-Dicke
parameter ω and upon the index n.
We now want to study some limiting cases, in particular we will consider the equations ob-
tained without entropy corrections (i.e. for λ = 0 for the power law correction and % = ε = 0
for the logarithmic correction), in the limiting case of Einstein gravity (i.e., for n = 0 and
Ωφ = ρφ = 0), without entropy corrections and in the limiting case of Einstein gravity
together, for the Ricci scale (which is recovered when α = 2 and β = 1) and for the
flat Dark Dominated Universe, which is recovered for ΩDpl = ΩDlog = 1, γpl = γlog = 1,
Ωm = Ωk = Ωφ = 0, n = 0 and upl = ulog = 0.
In the limiting case corresponding to λ = 0 (which implies γpl = 1 and no power-law correc-
tions), Eqs. (2.59), (2.62) and (2.64) reduce, respectively, to:
ωDplλ=0 =−1−
1
3ΩDplλ=0
{
2
β
[(
ΩDplλ=0
c2
− α
)
(1− Ωφ) + β
]
+
ΩDplλ=0 [uplλ=0 (2n+ 1) + 2 (n− 1)]− 2Ωφ} , (2.66)
qpl,λ=0 = − 1
β
(
ΩDplλ=0
c2
+ β − α
)
= −1− 1
β
(
ΩDplλ=0
c2
− α
)
, (2.67)
qpl,λ=0 =
1
2 (n+ 1)
[
(2n+ 1)2 + 2n (nω − 1) + Ωk + 3ΩDplλ=0ωDplλ=0
]
, (2.68)
while, in the limiting cases corresponding to % =  = 0 (which means γlog = 1, i.e. no
logarithmic correction), Eqs. (2.60), (2.63) and (2.65) reduce, respectively, to:
ωDlog%==0 =−1−
1
3ΩDlog%==0
{
2
β
[(
ΩDlog%==0
c2
− α
)
(1− Ωφ)+ β
]
+
ΩDlog%==0
[
ulog%==0 (2n+ 1) + 2 (n− 1)
]− 2Ωφ} , (2.69)
qlog,%==0 = − 1
β
(
ΩDlog%==0
c2
+ β − α
)
= −1− 1
β
(
ΩDlog%==0
c2
− α
)
, (2.70)
qlog,%==0 =
1
2 (n+ 1)
[
(2n+ 1)2 + 2n (nω − 1) + Ωk + 3ΩDlog%==0ωDlog%==0
]
, (2.71)
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where, from Eqs. (2.29), (2.30), (2.48) and (2.49), we can derive, respectively, the following
relations for ΩDplλ=0 , ΩDlogλ=0 , upl,λ=0 and ulog,λ=0:
ΩDplλ=0 = ΩDlog%==0 =
c2
L2GOH
2
, (2.72)
upl,λ=0 =
Ωm
ΩDplλ=0
=
1 + Ωk − Ωφ
ΩDplλ=0
− 1, (2.73)
ulog,%==0 =
Ωm
ΩDlog%==0
=
1 + Ωk − Ωφ
ΩDlog%==0
− 1. (2.74)
Taking into account Eq. (2.72), we can conclude that Eqs. (2.73) and (2.74) are equivalent,
i.e. upl,λ=0 = ulog,%==0.
In the limiting case corresponding to Einstein’s gravity (i.e., for n = 0 and Ωφ = ρφ = 0),
the EoS parameter ωDpl and the deceleration parameter qpl given in Eqs. (2.59), (2.62) and
(2.64) reduce, respectively, to:
ωDpl,Ein = −1− 1
3ΩDpl,Ein
{
2
β
[(
ΩDpl,Ein
c2γpl,Ein
− α
)
+ β
]
+ΩDpl,Ein [upl,Ein − 2]}
=
2
3βΩDpl,Ein
(
ΩDpl,Ein
c2γpl,Ein
− α+ β
)
− 1 + upl,Ein
3
, (2.75)
qpl,Ein = − 1
β
(
ΩDpl,Ein
c2γpl,Ein
+ β − α
)
= −1− 1
β
(
ΩDpl,Ein
c2γpl,Ein
− α
)
, (2.76)
qpl,Ein =
1
2
[1 + Ωk + 3ΩDpl,EinωDpl,Ein] , (2.77)
while the EoS parameter ωDlog,Ein and the deceleration parameter qlog,Ein given in Eqs.
(2.60), (2.63) and (2.65) reduce, respectively, to:
ωDlog,Ein = −1− 1
3ΩDlog,Ein
{
2
β
[(
ΩDlog,Ein
c2γlog,Ein
− α
)
+ β
]
+ΩDlog,Ein [ulog,Ein − 2]} ,
=
2
3βΩDlog,Ein
(
ΩDlog,Ein
c2γlog,Ein
− α+ β
)
− 1 + ulog,Ein
3
(2.78)
qlog,Ein = − 1
β
(
ΩDlog,Ein
c2γlog,Ein
+ β − α
)
= −1− 1
β
(
ΩDlog,Ein
c2γlog,Ein
− α
)
, (2.79)
qlog,Ein =
1
2
[1 + Ωk + 3ΩDlog,EinωDlog,Ein] . (2.80)
We have that the expressions of the EoS parameters obtained in Eqs. (2.75) and (2.78) and
the expressions of the deceleration parameters obtained in Eqs. (2.77) and (2.80) are similar
to the EoS and the deceleration parameter q obtained in Khodam et al. [125] in the limiting
case of c2 = 1.
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Using the expression obtained in Eqs. (2.13) and (2.14), we have that the quantities γpl,Ein
and γlog,Ein are given, respectively, by the following relations:
γpl,Ein = γpl = 1− λ
3c2Lδ−2GO
, (2.81)
γlog,Ein = 1 +
%
3c2M2pL
2
GO
ln
(
M2pL
2
GO
)
+

3c2M2pL
2
GO
, (2.82)
where we have considered the fact that, for Einstein gravity, the relation φ
2
4ω = M
2
p is valid.
Moreover, we have that the fractional energy densities of DE for the two models we are
studying are given, respectively, by:
ΩDpl,Ein =
c2γpl,Ein
L2GOH
2
=
c2γpl
L2GOH
2
, (2.83)
ΩDlog,Ein =
c2γlog,Ein
L2GOH
2
. (2.84)
In the limiting case corresponding to λ = 0 (i.e. for γpl = 1) and to Einstein’s gravity together,
the EoS parameter ωDpl and the deceleration parameter qpl given Eqs. (2.59), (2.62) and (2.64)
lead, respectively, to:
ωDpl,Einλ=0 = −1−
1
3ΩDpl,Einλ=0
{
2
β
[(
ΩDpl,Einλ=0
c2
− α
)
+ β
]
+
ΩDpl,Einλ=0upl,Einλ=0} , (2.85)
qpl,Einλ=0 = −
1
β
(
ΩDpl,Einλ=0
c2
+ β − α
)
= −1− 1
β
(
ΩDpl,Einλ=0
c2
− α
)
, (2.86)
qpl,Einλ=0 =
1
2
(1 + Ωk + 3ΩDpl,Einλ=0ωDpl,Einλ=0) . (2.87)
while, in the limiting case corresponding to % =  = 0 (i.e. for γlog = 1) and to Einstein’s
gravity together, the EoS parameter ωDlog and the deceleration parameter qlog given Eqs.
(2.60), (2.63) and (2.65) lead, respectively, to:
ωDlog,Ein%==0 = −1−
1
3ΩDlog,Ein%==0
{
2
β
[(
ΩDlog,Ein%==0
c2
− α
)
+ β
]
+
ΩDlog,Ein%==0ulog,Ein%==0
}
, (2.88)
qlog,Ein%==0 = −
1
β
(
ΩDlog,Ein%==0
c2
+ β − α
)
= −1− 1
β
(
ΩDlog,Ein%==0
c2
− α
)
, (2.89)
qlog,Ein%==0 =
1
2
(
1 + Ωk + 3ΩDlog,Ein%==0ωDlog,Ein%==0
)
, (2.90)
where ΩDplλ=0 , ΩDlog%==0 , upl,λ=0 and ulog,%==0 are defined, respectively, in Eqs. (2.72),
(2.73) and (2.74).
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For the Ricci scale, which is recovered when α = 2 and β = 1, we have that the EoS parameter
ωDpl and the deceleration parameter qpl for the power law case obtained Eqs. (2.59), (2.62)
and (2.64) reduce, respectively, to:
ωDpl,Ricci = −1− 1
3ΩDpl,Ricci
{
2
[(
ΩDpl,Ricci
c2γpl,Ricci
− 2
)
(1− Ωφ) + 1
]
+ΩDpl,Ricci [upl,Ricci (2n+ 1) + 2 (n− 1)]− 2Ωφ} , (2.91)
qpl,Ricci = −
(
ΩDpl,Ricci
c2γpl,Ricci
− 1
)
, (2.92)
qpl,Ricci =
1
2 (n+ 1)
[
(2n+ 1)2 + 2n (nω − 1) + Ωk + 3ΩDpl,RicciωDpl,Ricci
]
, (2.93)
while the EoS parameter ωDlog and the deceleration parameter qlog for the logarithmic case
obtained in Eqs. (2.60), (2.63) and (2.65) reduce, respectively, to:
ωDlog,Ricci = −1− 1
3ΩDlog,Ricci
{
2
[(
ΩDlog,Ricci
c2γlog,Ricci
− 2
)
(1− Ωφ) + 1
]
+ΩDlog,Ricci [ulog,Ricci (2n+ 1) + 2 (n− 1)]− 2Ωφ} , (2.94)
qlog,Ricci = −
(
ΩDlog,Ricci
c2γlog,Ricci
− 1
)
, (2.95)
qlog,Ricci =
1
2 (n+ 1)
[
(2n+ 1)2 + 2n (nω − 1) + Ωk + 3ΩDlog,RicciωDlog,Ricci
]
. (2.96)
Finally, we have that, for the limiting case of a flat Dark Dominated Universe, the EoS
parameter ωDpl and the deceleration parameter qpl for the power law case obtained in Eqs.
(2.59), (2.60), (2.62), (2.63), (2.64) and (2.65) reduce, respectively, to the following quantities:
ωDpl = ωDlog = −1− 2
3β
(
1
c2
− α+ β
)
, (2.97)
qpl = qlog = − 1
β
(
1
c2
+ β − α
)
= −1− 1
β
(
1
c2
− α
)
, (2.98)
qpl =
1
2
(1 + 3ωDpl) , (2.99)
qlog =
1
2
(1 + 3ωDlog) . (2.100)
At Ricci scale, we obtain that the results for the flat Dark Dominated case lead to the
following results:
ωDpl = ωDlog = −1− 2
3
(
1
c2
− 1
)
, (2.101)
qpl = qlog = 1− 1
c2
, (2.102)
qpl =
1
2
(1 + 3ωDpl) ,
qlog =
1
2
(1 + 3ωDlog) . (2.103)
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We now want to obtain the final expression of the evolutionary form of the energy density
parameter of DE Ω′D for both the power law and the logarithmic corrections considered in
this work.
Differentiating Eqs. (2.29) and (2.30) with respect to x and using the relations Ω˙Dpl = HΩ
′
Dpl
and Ω˙Dlog = HΩ
′
Dlog, we derive that:
Ω′Dpl = ΩDpl
ρ′DplρDpl − 2
φ′
φ
+
(
H˙
H2
)
pl
 , (2.104)
Ω′Dlog = ΩDlog
ρ′DlogρDlog − 2
φ′
φ
+
(
H˙
H2
)
log
 , (2.105)
where we used the fact that:
φ′
φ
=
φ˙
Hφ
= n. (2.106)
Inserting in Eqs. (2.104) and (2.105) the expressions of
(
H˙
H2
)
pl
,
(
H˙
H2
)
log
, ρ′Dpl and ρ
′
Dlog, ob-
tained, respectively, in Eqs. (2.42), (2.43), (2.46) and (2.47), we obtain the following relations
for Ω′Dpl and Ω
′
Dlog:
Ω′Dpl =
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + Ωm (2n+ 1)
=
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + uplΩDpl (2n+ 1) , (2.107)
Ω′Dlog =
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + Ωm (2n+ 1)
=
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + ulogΩDlog (2n+ 1) , (2.108)
where the prime ′ denotes the first derivative with respect to the parameter x = ln a. We
must also underline that we used the relation ddt = H
d
dx .
We can now study some limiting cases of the evolutionary forms of the fractional energy
densities obtained in Eqs. (2.107) and (2.108), in particular we will consider the equations
obtained without entropy corrections (i.e. for λ = 0 for the power law correction and % = ε = 0
for the logarithmic correction), in the limiting case of Einstein gravity (i.e., for n = 0 and
Ωφ = ρφ = 0), without entropy corrections and in the limiting case of Einstein gravity
together, for the Ricci scale (which is recovered when α = 2 and β = 1) and for the flat Dark
Dominated Universe, which is recovered for ΩDpl = ΩDlog = 1, γpl = γlog = 1, Ωm = Ωk =
Ωφ = 0, n = 0 and upl = ulog = 0.
In the limiting cases corresponding to λ = 0 and % =  = 0 (which imply that γpl = γlog = 1),
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Eqs. (2.107) and (2.108) lead, respectively, to:
Ω′Dplλ=0 =
2
β
(
ΩDplλ=0
c2
+ β − α
)
(1− Ωφ − ΩDplλ=0) + Ωm (2n+ 1)
=
2
β
(
ΩDplλ=0
c2
+ β − α
)
(1− Ωφ − ΩDplλ=0)
+upl,λ=0ΩDplλ=0 (2n+ 1) , (2.109)
Ω′Dlog%==0 =
2
β
(
ΩDlog%==0
c2
+ β − α
)(
1− Ωφ − ΩDlog%==0
)
+ Ωm (2n+ 1)
=
2
β
(
ΩDlog%==0
c2
+ β − α
)(
1− Ωφ − ΩDlog%==0
)
+ulog,%==0ΩDlog%==0 (2n+ 1) . (2.110)
We can clearly observe, considering the expressions given in Eqs. (2.72), (2.73) and (2.74),
that Eqs. (2.109) and (2.110) are identical.
Furthermore, in the limiting case corresponding to Einstein’s gravity (i.e. for n = 0 and
Ωφ = ρφ = 0), Eqs. (2.107) and (2.108) reduce, respectively, to:
Ω′Dpl,Ein =
2
β
(
ΩDpl,Ein
c2γpl,Ein
+ β − α
)
(1− ΩDpl,Ein) + Ωm
=
2
β
(
ΩDpl,Ein
c2γpl,Ein
+ β − α
)
(1− ΩDpl,Ein) + ΩDpl,Einupl,Ein, (2.111)
Ω′Dlog,Ein =
2
β
(
ΩDlog,Ein
c2γlog,Ein
+ β − α
)
(1− ΩDlog,Ein) + Ωm
=
2
β
(
ΩDlog,Ein
c2γlog,Ein
+ β − α
)
(1− ΩDlog,Ein) + ΩDlog,Einulog,Ein. (2.112)
Finally, in the limiting case corresponding to λ = 0, % =  = 0 (i.e. in the case of absence
of entropy corrections) and to Einstein’s gravity together, Eqs. (2.107) and (2.108) read,
respectively, as follows:
Ω′Dpl,Einλ=0 =
2
β
(
ΩDpl,Einλ=0
c2
+ β − α
)
(1− ΩDpl,Einλ=0) + Ωm
=
2
β
(
ΩDpl,Einλ=0
c2
+ β − α
)
(1− ΩDpl,Einλ=0)
+upl,Einλ=0ΩDpl,Einλ=0 , (2.113)
Ω′Dlog,Ein%==0 =
2
β
(
ΩDlog,Ein%==0
c2
+ β − α
)(
1− ΩDlog,Ein%==0
)
+ Ωm
=
2
β
(
ΩDlog,Ein%==0
c2
+ β − α
)(
1− ΩDlog,Ein%==0
)
+ulog,Ein%==0ΩDlog,Ein%==0 . (2.114)
Considering the results obtained in Eq. (2.72), (2.73) and (2.74), we derive that Eqs. (2.113)
and (2.114) are equivalent.
For the Ricci scale (i.e. when α = 2 and β = 1), we obtain that Eqs. (2.107) and (2.108)
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lead, respectively, to:
Ω′Dpl,Ricci = 2
(
ΩDpl,Ricci
c2γpl,Ricci
− 1
)
(1− Ωφ − ΩDpl,Ricci) + Ωm (2n+ 1)
=
(
ΩDpl,Ricci
c2γpl,Ricci
− 1
)
(1− Ωφ − ΩDpl,Ricci)
+upl,RicciΩDpl,Ricci (2n+ 1) , (2.115)
Ω′Dlog,Ricci = 2
(
ΩDlog,Ricci
c2γlog,Ricci
− 1
)
(1− Ωφ − ΩDlog,Ricci) + Ωm (2n+ 1)
= 2
(
ΩDlog,Ricci
c2γlog,Ricci
− 1
)
(1− Ωφ − ΩDlog,Ricci)
+upl,RicciΩDlog,Ricci (2n+ 1) . (2.116)
Finally, for the limiting case of a flat Dark Dominated Universe, we obtain that both expres-
sions of Ω′Dpl and Ω
′
Dlog are equals to zero, as it must be since for a flat Dark Dominated
Universe we have that ΩD = 1.
It is also possible to find, after some algebraic calculation, the following relations between
the EoS parameters ωDpl and ωDlog and the deceleration parameters qpl and qlog:
ωDpl =
2qpl
3ΩDpl
(1− Ωφ)− 1− 1
3
[upl (2n+ 1) + 2 (n− 1)]
=
2qpl
3ΩDpl
(1− Ωφ)− 1
3
[(upl + 1) (2n+ 1)] , (2.117)
ωDlog =
2qlog
3ΩDlog
(1− Ωφ)− 1− 1
3
[ulog (2n+ 1) + 2 (n− 1)]
=
2qlog
3ΩDlog
(1− Ωφ)− 1
3
[(ulog + 1) (2n+ 1)] . (2.118)
At present time, considering the present day values of the parameters involved, i.e. ΩD =
0.6911, Ωm = 0.3089, u = 0.446969 and n = 10
−4, we have that Eqs. (2.117) and (2.118)
reduce to:
ωDpl = ωDlog ≈ 0.964774q − 0.482419. (2.119)
From Eq. (2.119), we derive that our Universe exists in the accelerated phase (which is
obtained when q < 0) if we have ω < −0.482419 while the phantom divide line (corresponding
to ωD = −1) can be crossed provided that q < −0.536478.
In the limiting case of the Einstein’s gravity, Eqs. (2.117) and (2.118) yield:
ωDpl =
2q
3ΩDpl
− 1 + upl
3
, (2.120)
ωDlog =
2q
3ΩDlog
− 1 + ulog
3
, (2.121)
which has been already derived in the work of Khodam et al. [125]. Moveover, in the limiting
case of a flat Dark Dominated Universe (i.e. for ΩDpl = ΩDlog = 1, γpl = γlog = 1, Ωm =
Ωk = Ωφ = 0, n = 0 and upl = ulog = 0), we have that Eqs. (2.120) and (2.121) reduce,
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respectively, to:
ωDpl =
2qpl
3
− 1
3
, (2.122)
ωDlog =
2qlog
3
− 1
3
. (2.123)
Using the definition of fractional energy densities given in Eqs. (2.29) and (2.30) along with
the definition of the deceleration parameter q given in Eq. (2.61), we obtain the following
relations:
ΩDpl
c2γpl
= L−2GOH
−2 = α− β (1 + qpl) , (2.124)
ΩDlog
c2γlog
= L−2GOH
−2 = α− β (1 + qlog) . (2.125)
Using in Eqs. (2.124) and (2.125) the value of q derived in order to have that the phantom
divide is crossed, we obtain that:
ΩDpl
c2γpl
=
ΩDlog
c2γlog
= L−2GOH
−2 ≈ α− 0.463522β, (2.126)
which leads, using the values of α and β for a non flat Universe, i.e. α = 0.8824 and β =
0.5016, to:
ΩDpl
c2γpl
=
ΩDlog
c2γlog
= L−2GOH
−2 ≈ 0.649898. (2.127)
Instead, considering the values of α and β in the case of flat Universe, case, i.e. for α = 0.8502
and β = 0.4817, we obtain:
ΩDpl
c2γpl
=
ΩDlog
c2γlog
= L−2GOH
−2 ≈ 0.626922. (2.128)
Moreover, considering the Ricci scale, recovered for α = 2 and β = 1, we obtain:
ΩDpl
c2γpl
=
ΩDlog
c2γlog
= L−2GOH
−2 ≈ 1.53648. (2.129)
2.2 Interacting Case
We now extend the calculations accomplished in the previous Subsection to the case of
interaction between the two dark sectors.
Recent observational evidences about the galaxy cluster Abell A586 convincingly support
the presence of a kind of interaction between the two Dark Sectors, DE and DM [126, 127].
However, the exact strength of the interaction between DE and DM is not precisely identi-
fied yet[128]. The presence of interaction between DE and DM can be detected during the
formation of the Large Scale Structures (LSS). It has been pointed out that the dynamical
equilibrium of the collapsed structures like clusters of galaxies (like for example Abell A586)
would be affected by the presence of the coupling between the Dark Sectors, i.e. DE and DM
[129, 130]. The main idea is that the virial theorem results to be modified by the exchange
of energy between DE and DM, which leads to a bias in the estimation of the virial masses
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of the clusters of galaxies when we employ the usual virial conditions. This gives a probe
in the near Universe of the coupling of the Dark Sectors. We have that other observational
signatures of the Dark Sectors mutual interaction can be also observed in the probes of the
cosmic expansion history by using the data from the Baryonic Acoustic Oscillations (BAO),
the CMB shift data and the Supernovae Ia (SNeIa) [131, 132].
In presence of interaction, the energy densities of DE and DM ρD and ρm are separately
conserved and the conservation equations have the following forms:
ρ˙Dpl + 3HρDpl (1 + ωDpl) = −Q, (2.130)
ρ˙Dlog + 3HρDlog (1 + ωDlog) = −Q, (2.131)
ρ˙m + 3Hρm = Q. (2.132)
Q indicates the interaction term which is in general an arbitrary function of the main cos-
mological parameters, like the Hubble parameter H and the energy densities of DM and DE
ρm and ρD, i.e. Q(Hρm, HρD). Many different candidates have been suggested in order to
describe the behavior of the interaction term Q. In this paper, we have chosen to consider
the following ones:
Q1 = 3b
2Hρm, (2.133)
Q2 = 3b
2HρD, (2.134)
Q3 = 3b
2H (ρm + ρD) , (2.135)
where b2 represents a coupling parameter between DM and DE, also known as transfer
strength [133–136]. Using the observational cosmological data given by the Gold SNeIa sam-
ples, the CMBR anisotropies data from the WMAP and Planck satellites and the Baryonic
Acoustic Oscillations (BAO) data obtained thanks to the Sloan Digital Sky Survey (SDSS),
the coupling parameter between DM and DE is estimated to assume a positive value which
is supposed to be small (much smaller than unity and then closer to zero), fact which is able
to satisfy the requirements for solving the cosmic coincidence problem and the constraints
given by the second law of thermodynamics [137]. Observations of CMBR anisotropies and
of clusters of galaxies show that b2 < 0.025 [138]. This evidence is in agreement with the
fact that b2 must be taken in the range of values [0,1] [139], with b2 = 0 representing the
non-interacting FLRW model.
We can now derive the expressions for ρ˙Dpl, ρ
′
Dpl, ρ˙Dlog and ρ
′
Dlog for the interacting case for
the three interaction terms we have considered in this paper.
We start considering the expression of Q1 given in Eq. (2.133). Following the same procedure
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of the non interacting case, we obtain the following expressions for ρ˙Dpl and ρ˙Dlog:
ρ˙Dpl =
3H3φ2
4ω
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2Ωm
}
=
HρDpl
ΩDpl
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2Ωm
}
, (2.136)
ρ˙Dlog =
3H3φ2
4ω
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2Ωm
}
=
HρDlog
ΩDlog
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2Ωm
}
, (2.137)
which lead to the following expressions of the evolutionary forms of the energy density of DE
ρ′Dpl and ρ
′
Dlog:
ρ′Dpl =
ρ˙Dpl
H
=
ρDpl
ΩDpl
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2Ωm
}
, (2.138)
ρ′Dlog =
ρ˙Dlog
H
=
ρDlog
ΩDlog
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2Ωm
}
. (2.139)
From the continuity equations for DE obtained in Eqs. (2.130) and (2.131), we derive the
following expressions for the EoS parameters of the PLECHDE and LECHDE models ωDpl
and ωDlog:
ωDpl = −1− ρ˙Dpl
3HρDpl
− Q
3HρDpl
= −1− ρ
′
Dpl
3ρDpl
− Q
3HρDpl
, (2.140)
ωDlog = −1− ρ˙Dlog
3HρDlog
− Q
3HρDlog
= −1− ρ
′
Dlog
3ρDlog
− Q
3HρDlog
. (2.141)
We can now derive the final expression of the EoS parameters ωDpl and ωDlog for the first
interaction term we have chosen.
By inserting into Eqs. (2.140) and (2.141) the expressions of ρ˙Dpl and ρ˙Dlog obtained in
Eqs. (2.136) and (2.137) (or equivalently the expressions of ρ′Dpl and ρ
′
Dlog obtained in Eqs.
(2.138) and (2.139)) along with the definition of Q1 given in Eq. (2.133), we have that the
EoS parameters for the PLECHDE and the LECHDE models ωDpl and ωDlog can be written,
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respectively, as follows:
ωDpl = −1− 1
3ΩDpl
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ} (2.142)
ωDlog = −1− 1
3ΩDlog
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ} , (2.143)
which are the same results obtained for non interacting case.
We now consider the second interaction term, i.e. Q2, which has been defined in Eq. (2.134).
Following the same procedure of the non interacting case, we obtain the following expressions
for ρ˙Dpl and ρ˙Dlog:
ρ˙Dpl =
3H3φ2
4ω
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2ΩDpl
}
=
HρDpl
ΩDpl
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2ΩDpl
}
, (2.144)
ρ˙Dlog =
3H3φ2
4ω
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2ΩDlog
}
=
HρDlog
ΩDlog
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2ΩDlog
}
, (2.145)
which lead to the following expressions of the evolutionary form of the energy density of DE
ρ′Dpl and ρ
′
Dlog:
ρ′Dpl =
ρ˙Dpl
H
=
ρDpl
ΩDpl
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2ΩDpl
}
, (2.146)
ρ′Dlog =
ρ˙Dlog
H
=
ρDlog
ΩDlog
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2ΩDlog
}
. (2.147)
By inserting into Eqs. (2.140) and (2.141) the expressions of ρ˙Dpl and ρ˙Dlog obtained in
Eqs. (2.144) and (2.145) (or equivalently the expressions of ρ′Dpl and ρ
′
Dlog obtained in Eqs.
(2.146) and (2.147)) along with the definition of Q2 given in Eq. (2.134), we have that the
EoS parameters for the PLECHDE and the LECHDE models ωDpl and ωDlog can be written,
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respectively, as follows:
ωDpl = −1− 1
3ΩDpl
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ} , (2.148)
ωDlog = −1− 1
3ΩDlog
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ} , (2.149)
which are the same results obtained for non interacting case and for the interacting case with
Q1.
We finally consider the third and last interaction term considered in this work, i.e. Q3, which
has been defined in Eq. (2.135). Following the same procedure of the non interacting case,
we obtain the following expressions for ρ˙Dpl and ρ˙Dlog:
ρ˙Dpl =
3H3φ2
4ω
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2 (Ωm + ΩDpl)
}
=
HρDpl
ΩDpl
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2 (Ωm + ΩDpl)
}
, (2.150)
ρ˙Dlog =
3H3φ2
4ω
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2 (Ωm + ΩDlog)
}
=
HρDlog
ΩDlog
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ − 3b2 (Ωm + ΩDlog)
}
, (2.151)
which lead to the following expressions of the evolutionary form of the energy density of DE
ρ′Dpl and ρ
′
Dlog:
ρ′Dpl =
ρ˙Dpl
H
=
ρDpl
ΩDpl
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]
−2Ωφ − 3b2 (Ωm + ΩDpl)
}
, (2.152)
ρ′Dlog =
ρ˙Dlog
H
=
ρDlog
ΩDlog
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]
−2Ωφ − 3b2 (Ωm + ΩDlog)
}
. (2.153)
Finally, by inserting into Eqs. (2.140) and (2.141) the expressions of ρ˙Dpl and ρ˙Dlog obtained
in Eqs. (2.150) and (2.151) (or equivalently the expressions of ρ′Dpl and ρ
′
Dlog obtained in
Eqs. (2.152) and (2.153)) along with the definition of Q3 given in Eq. (2.135), we have that
the EoS parameters for the PLECHDE and the LECHDE models ωDpl and ωDlog can be
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written, respectively, as follows:
ωDpl = −1− 1
3ΩDpl
{
2
β
[(
ΩDpl
c2γpl
− α
)
(1− Ωφ) + β
]
+ΩDpl [upl (2n+ 1) + 2 (n− 1)]− 2Ωφ} , (2.154)
ωDlog = −1− 1
3ΩDlog
{
2
β
[(
ΩDlog
c2γlog
− α
)
(1− Ωφ) + β
]
+ΩDlog [ulog (2n+ 1) + 2 (n− 1)]− 2Ωφ} , (2.155)
which are the same results obtained for non interacting case and for the interacting cases
with Q1 and Q2.
We now derive an expression for the deceleration parameter q in the case of interaction
between DE and DM.
Analogously to the previous Subsection, two different ways are possible in order to find the
final expression for q.
In the first one, we still consider the following expressions for qpl and qlog:
qpl = −1− 1
β
(
ΩDpl
c2γpl
− α
)
= − 1
β
(
ΩDpl
c2γpl
+ β − α
)
, (2.156)
qlog = −1− 1
β
(
ΩDlog
c2γlog
− α
)
= − 1
β
(
ΩDlog
c2γlog
+ β − α
)
. (2.157)
Otherwise, Eqs. (2.64) and (2.65) can be used in order to obtain the following relations qpl
and qlog:
qpl =
1
2 (n+ 1)
[
(2n+ 1)2 + 2n (nω − 1) + Ωk + 3ΩDplωDpl
]
, (2.158)
qlog =
1
2 (n+ 1)
[
(2n+ 1)2 + 2n (nω − 1) + Ωk + 3ΩDlogωDlog
]
. (2.159)
The final expressions for the deceleration parameters qpl and qlog can be now immediately
derived when in Eqs. (2.158) and (2.159) the expressions of the relevant EoS parameters for
the PLECHDE and the LECHDE models are inserted.
We now derive the expression of the evolutionary form of the energy density parameter of
DE Ω′D for both the power law and the logarithmic corrections considered in this work.
We still consider the general expressions of Ω′Dpl and Ω
′
Dlog given, respectively, in Eqs. (2.104)
and (2.105).
We start considering the case with the interaction term Q1 defined in Eq. (2.133).
Inserting in Eqs. (2.104) and (2.105) the expressions of
(
H˙
H2
)
pl
,
(
H˙
H2
)
log
, ρ′Dpl and ρ
′
Dlog,
obtained, respectively, in Eqs. (2.42), (2.43), (2.138) and (2.139) , we derive that Ω′Dpl and
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Ω′Dlog can be expressed as follows:
Ω′Dpl =
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + Ωm
(
2n+ 1− b2)
=
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + uplΩDpl
(
2n+ 1− b2) , (2.160)
Ω′Dlog =
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + Ωm
(
2n+ 1− b2)
=
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + ulogΩDlog
(
2n+ 1− b2) . (2.161)
We can now study some limiting cases of the evolutionary forms of the fractional energy
densities obtained in Eqs. (2.160) and (2.161), in particular we will consider the equations
obtained without entropy corrections (i.e. for λ = 0 for the power law correction and % = ε = 0
for the logarithmic correction), in the limiting case of Einstein gravity (i.e., for n = 0 and
Ωφ = ρφ = 0), without entropy corrections and in the limiting case of Einstein gravity
together, for the Ricci scale (which is recovered when α = 2 and β = 1) and for the flat Dark
Dominated Universe, which is recovered for ΩDpl = ΩDlog = 1, γpl = γlog = 1, Ωm = Ωk =
Ωφ = 0, n = 0 and upl = ulog = 0.
In the limiting cases corresponding to λ = 0 and % =  = 0 (which imply that γpl = γlog = 1),
Eqs. (2.160) and (2.161) lead, respectively, to:
Ω′Dplλ=0 =
2
β
(
ΩDplλ=0
c2
+ β − α
)
(1− Ωφ − ΩDplλ=0)
+Ωm
(
2n+ 1− b2)
=
2
β
(
ΩDplλ=0
c2
+ β − α
)
(1− Ωφ − ΩDplλ=0)
+upl,λ=0ΩDplλ=0
(
2n+ 1− b2) , (2.162)
Ω′Dlog%==0 =
2
β
(
ΩDlog%==0
c2
+ β − α
)(
1− Ωφ − ΩDlog%==0
)
+Ωm
(
2n+ 1− b2)
=
2
β
(
ΩDlog%==0
c2
+ β − α
)(
1− Ωφ − ΩDlog%==0
)
+ulog,%==0ΩDlog%==0
(
2n+ 1− b2) . (2.163)
We can clearly observe, considering the expressions given in Eq. (2.72), (2.73) and (2.74),
that Eqs. (2.162) and (2.163) are identical.
Furthermore, in the limiting case corresponding to Einstein’s gravity (i.e. for n = 0 and
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Ωφ = ρφ = 0), Eqs. (2.160) and (2.161) reduce, respectively, to:
Ω′Dpl,Ein =
2
β
(
ΩDpl,Ein
c2γpl,Ein
+ β − α
)
(1− ΩDpl,Ein) + Ωm
(
1− b2)
=
2
β
(
ΩDpl,Ein
c2γpl,Ein
+ β − α
)
(1− ΩDpl,Ein)
+upl,EinΩDpl,Ein
(
1− b2) , (2.164)
Ω′Dlog,Ein =
2
β
(
ΩDlog,Ein
c2γlog,Ein
+ β − α
)
(1− ΩDlog,Ein) + Ωm
(
1− b2)
=
2
β
(
ΩDlog,Ein
c2γlog,Ein
+ β − α
)
(1− ΩDlog,Ein)
+ulog,EinΩDlog,Ein
(
1− b2) . (2.165)
Finally, in the limiting case corresponding to λ = 0, % =  = 0 and to Einstein’s gravity
together, Eqs. (2.160) and (2.161) read, respectively:
Ω′Dpl,Einλ=0 =
2
β
(
ΩDpl,Einλ=0
c2
+ β − α
)
(1− ΩDpl,Einλ=0)
+Ωm
(
1− b2)
=
2
β
(
ΩDpl,Einλ=0
c2
+ β − α
)
(1− ΩDpl,Einλ=0)
+upl,Einλ=0ΩDpl,Einλ=0
(
1− b2) , (2.166)
Ω′Dlog,Ein%==0 =
2
β
(
ΩDlog,Ein%==0
c2
+ β − α
)(
1− ΩDlog,Ein%==0
)
+Ωm
(
1− b2)
=
2
β
(
ΩDlog,Ein%==0
c2
+ β − α
)(
1− ΩDlog,Ein%==0
)
+ulog,Ein%==0ΩDlog,Ein%==0
(
1− b2) . (2.167)
Considering the expression given in Eq. (2.72), (2.73) and (2.74), we derive that Eqs. (2.166)
and (2.167) are equivalent.
For the Ricci scale (i.e., for α = 2 and β = 1), we obtain that Eqs. (2.160) and (2.161) lead,
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respectively, to:
Ω′Dpl,Ricci = 2
(
ΩDpl,Ricci
c2γpl,Ricci
− 1
)
(1− Ωφ − ΩDpl,Ricci)
+Ωm
(
2n+ 1− b2)
=
(
ΩDpl,Ricci
c2γpl,Ricci
− 1
)
(1− Ωφ − ΩDpl,Ricci)
+upl,RicciΩDpl,Ricci
(
2n+ 1− b2) , (2.168)
Ω′Dlog,Ricci = 2
(
ΩDlog,Ricci
c2γlog,Ricci
− 1
)
(1− Ωφ − ΩDlog,Ricci)
+Ωm
(
2n+ 1− b2)
= 2
(
ΩDlog,Ricci
c2γlog,Ricci
− 1
)
(1− Ωφ − ΩDlog,Ricci)
+upl,RicciΩDlog,Ricci
(
2n+ 1− b2) . (2.169)
Finally, for a flat Dark Dominated Universe, we obtain that both expressions of Ω′Dpl and
Ω′Dlog are equals to zero, as it must be since for a flat Dark Dominated Universe we have
that ΩD = 1.
We now consider the case with the interaction term Q2 defined in Eq. (2.134).
Inserting in Eqs. (2.104) and (2.105) the expressions of
(
H˙
H2
)
pl
,
(
H˙
H2
)
log
, ρ′Dpl and ρ
′
Dlog,
obtained, respectively, in Eqs. (2.42), (2.43), (2.146) and (2.147) , we derive that Ω′Dpl and
Ω′Dlog can be expressed as follows:
Ω′Dpl =
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + Ωm (2n+ 1)− b2ΩDpl
=
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + ΩDpl
[
upl (2n+ 1)− b2
]
, (2.170)
Ω′Dlog =
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + Ωm (2n+ 1)− b2ΩDlog
=
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + ΩDlog
[
ulog (2n+ 1)− b2
]
. (2.171)
We can now study some limiting cases of the evolutionary forms of the fractional energy
densities obtained in Eqs. (2.170) and (2.171), in particular we will consider the equations
obtained without entropy corrections (i.e. for λ = 0 for the power law correction and % = ε = 0
for the logarithmic correction), in the limiting case of Einstein gravity (i.e., for n = 0 and
Ωφ = ρφ = 0), without entropy corrections and in the limiting case of Einstein gravity
together, for the Ricci scale (which is recovered when α = 2 and β = 1) and for the flat Dark
Dominated Universe, which is recovered for ΩDpl = ΩDlog = 1, γpl = γlog = 1, Ωm = Ωk =
Ωφ = 0, n = 0 and upl = ulog = 0.
In the limiting cases corresponding to λ = 0 and % =  = 0 (which imply that γpl = γlog = 1),
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Eqs. (2.170) and (2.171) lead, respectively, to:
Ω′Dplλ=0 =
2
β
(
ΩDplλ=0
c2
+ β − α
)
(1− Ωφ − ΩDplλ=0)
+Ωm (2n+ 1)− b2ΩDplλ=0
=
2
β
(
ΩDplλ=0
c2
+ β − α
)
(1− Ωφ − ΩDplλ=0)
+ΩDplλ=0
[
uplλ=0 (2n+ 1)− b2
]
, (2.172)
Ω′Dlog%==0 =
2
β
(
ΩDlog%==0
c2
+ β − α
)(
1− Ωφ − ΩDlog%==0
)
+Ωm (2n+ 1)− b2ΩDlog%==0
=
2
β
(
ΩDlog%==0
c2
+ β − α
)(
1− Ωφ − ΩDlog%==0
)
+ΩDlog%==0
[
ulog%==0 (2n+ 1)− b2
]
. (2.173)
We can clearly observe, considering the expressions given in Eq. (2.72),(2.73) and (2.74), that
Eqs. (2.172) and (2.173) are identical.
Furthermore, in the limiting case corresponding to Einstein’s gravity (i.e. for n = 0 and
Ωφ = ρφ = 0), Eqs. (2.160) and (2.161) reduce, respectively, to:
Ω′Dpl,Ein =
2
β
(
ΩDpl,Ein
c2γpl,Ein
+ β − α
)
(1− ΩDpl,Ein) + Ωm − b2ΩDpl,Ein
=
2
β
(
ΩDpl,Ein
c2γpl,Ein
+ β − α
)
(1− ΩDpl,Ein) + ΩDpl,Ein
(
upl,Ein − b2
)
, (2.174)
Ω′Dlog,Ein =
2
β
(
ΩDlog,Ein
c2γlog,Ein
+ β − α
)
(1− ΩDlog,Ein) + Ωm − b2ΩDlog,Ein
=
2
β
(
ΩDlog,Ein
c2γlog,Ein
+ β − α
)
(1− ΩDlog,Ein)
+ΩDlog,Ein
(
ulog,Ein − b2
)
. (2.175)
Finally, in the limiting case corresponding to λ = 0, % =  = 0 and to Einstein’s gravity
together, Eqs. (2.160) and (2.161) read, respectively:
Ω′Dpl,Einλ=0 =
2
β
(
ΩDpl,Einλ=0
c2
+ β − α
)
(1− ΩDpl,Einλ=0)
+Ωm − b2ΩDpl,Einλ=0
=
2
β
(
ΩDpl,Einλ=0
c2
+ β − α
)
(1− ΩDpl,Einλ=0)
+ΩDpl,Einλ=0
(
upl,Einλ=0 − b2
)
, (2.176)
Ω′Dlog,Ein%==0 =
2
β
(
ΩDlog,Ein%==0
c2
+ β − α
)(
1− ΩDlog,Ein%==0
)
+Ωm − b2ΩDlog,Ein%==0
=
2
β
(
ΩDlog,Ein%==0
c2
+ β − α
)(
1− ΩDlog,Ein%==0
)
+ΩDlog,Ein%==0
(
ulog,Ein%==0 − b2
)
. (2.177)
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Considering the expression given in Eqs. (2.72), (2.73) and (2.74) we derive that Eqs. (2.176)
and (2.177) are equivalent.
For the Ricci scale (i.e, for. α = 2 and β = 1), we obtain that Eqs. (2.170) and (2.171) lead,
respectively, to:
Ω′Dpl,Ricci = 2
(
ΩDpl,Ricci
c2γpl,Ricci
− 1
)
(1− Ωφ − ΩDpl,Ricci)
+Ωm (2n+ 1)− b2ΩDpl,Ricci
=
(
ΩDpl,Ricci
c2γpl,Ricci
− 1
)
(1− Ωφ − ΩDpl,Ricci)
+ΩDpl,Ricci
[
upl,Ricci (2n+ 1)− b2
]
, (2.178)
Ω′Dlog,Ricci = 2
(
ΩDlog,Ricci
c2γlog,Ricci
− 1
)
(1− Ωφ − ΩDlog,Ricci)
+Ωm (2n+ 1)− b2ΩDlog,Ricci
= 2
(
ΩDlog,Ricci
c2γlog,Ricci
− 1
)
(1− Ωφ − ΩDlog,Ricci)
+ΩDlog,Ricci
[
upl,Ricci (2n+ 1)− b2
]
. (2.179)
Finally, for a flat Dark Dominated Universe, we obtain that both expressions of Ω′Dpl and
Ω′Dlog are equals to zero, as it must be since for Dark Dominated Universe we have that
ΩD = 1.
We finally consider the case with the interaction term Q3 defined in Eq. (2.135).
Inserting in Eqs. (2.104) and (2.105) the expressions of
(
H˙
H2
)
pl
,
(
H˙
H2
)
log
, ρ′Dpl and ρ
′
Dlog,
obtained, respectively, in Eqs. (2.42), (2.43), (2.152) and (2.153) , we derive that Ω′Dpl and
Ω′Dlog can be expressed as follows:
Ω′Dpl =
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl)
+Ωpl
[
upl
(
2n+ 1− b2)− b2] , (2.180)
Ω′Dlog =
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog)
+Ωlog
[
ulog
(
2n+ 1− b2)− b2] . (2.181)
We can now study some limiting cases of the evolutionary forms of the fractional energy
densities obtained in Eqs. (2.180) and (2.181), in particular we will consider the equations
obtained without entropy corrections (i.e. for λ = 0 for the power law correction and % = ε = 0
for the logarithmic correction), in the limiting case of Einstein gravity (i.e., for n = 0 and
Ωφ = ρφ = 0), without entropy corrections and in the limiting case of Einstein gravity
together, for the Ricci scale (which is recovered when α = 2 and β = 1) and for the flat Dark
Dominated Universe, which is recovered for ΩDpl = ΩDlog = 1, γpl = γlog = 1, Ωm = Ωk =
Ωφ = 0, n = 0 and upl = ulog = 0.
In the limiting cases corresponding to λ = 0 and % =  = 0 (which imply that γpl = γlog = 1),
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Eqs. (2.180) and (2.181) lead, respectively, to:
Ω′Dplλ=0 =
2
β
(
ΩDplλ=0
c2
+ β − α
)
(1− Ωφ − ΩDplλ=0)
+Ωm (2n+ 1)− b2 (Ωm + ΩDplλ=0)
=
2
β
(
ΩDplλ=0
c2
+ β − α
)
(1− Ωφ − ΩDplλ=0)
+ΩDplλ=0
[
upl,λ=0
(
2n+ 1− b2)− b2] , (2.182)
Ω′Dlog%==0 =
2
β
(
ΩDlog%==0
c2
+ β − α
)(
1− Ωφ − ΩDlog%==0
)
+Ωm (2n+ 1)− b2 (Ωm + ΩDlogλ=0)
=
2
β
(
ΩDlog%==0
c2
+ β − α
)(
1− Ωφ − ΩDlog%==0
)
+ΩDlog%==0
[
ulog,%==0
(
2n+ 1− b2)− b2] . (2.183)
We can clearly observe, considering the expression given in Eqs. (2.72), (2.73) and (2.74) that
Eqs. (2.182) and (2.183) are identical.
Furthermore, in the limiting case corresponding to Einstein’s gravity (i.e., for n = 0 and
Ωφ = ρφ = 0), Eqs. (2.160) and (2.161) reduce, respectively, to:
Ω′Dpl,Ein =
2
β
(
ΩDpl,Ein
c2γpl,Ein
+ β − α
)
(1− ΩDpl,Ein)
+Ωm − b2 (Ωm + ΩDpl,Ein)
=
2
β
(
ΩDpl,Ein
c2γpl,Ein
+ β − α
)
(1− ΩDpl,Ein)
+ΩDpl,Ein
[
upl,Ein
(
1− b2)− b2] , (2.184)
Ω′Dlog,Ein =
2
β
(
ΩDlog,Ein
c2γlog,Ein
+ β − α
)
(1− ΩDlog,Ein)
+Ωm − b2 (Ωm + ΩDlog,Ein)
=
2
β
(
ΩDlog,Ein
c2γlog,Ein
+ β − α
)
(1− ΩDlog,Ein)
+ΩDlog,Ein
[
ulog,Ein
(
1− b2)− b2] . (2.185)
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Finally, in the limiting case corresponding to λ = 0, % =  = 0 and to Einstein’s gravity
together, Eqs. (2.160) and (2.161) read, respectively:
Ω′Dpl,Einλ=0 =
2
β
(
ΩDpl,Einλ=0
c2
+ β − α
)
(1− ΩDpl,Einλ=0)
+Ωm − b2 (Ωm + ΩDpl,Einλ=0)
=
2
β
(
ΩDpl,Einλ=0
c2
+ β − α
)
(1− ΩDpl,Einλ=0)
+ΩDpl,Einλ=0
[
upl,Einλ=0
(
1− b2)− b2] , (2.186)
Ω′Dlog,Ein%==0 =
2
β
(
ΩDlog,Ein%==0
c2
+ β − α
)(
1− ΩDlog,Ein%==0
)
+Ωm − b2
(
Ωm + ΩDlog,Ein%==0
)
=
2
β
(
ΩDlog,Ein%==0
c2
+ β − α
)(
1− ΩDlog,Ein%==0
)
+ΩDlog,Ein%==0
[
ulog,Ein%==0
(
1− b2)− b2] . (2.187)
Considering the expression given in Eq. (2.72) (2.73) and (2.74), we derive that Eqs. (2.186)
and (2.187) are equivalent.
For the Ricci scale (i.e., for α = 2 and β = 1), we obtain that Eqs. (2.160) and (2.161) lead,
respectively, to:
Ω′Dpl,Ricci = 2
(
ΩDpl,Ricci
c2γpl,Ricci
− 1
)
(1− Ωφ − ΩDpl,Ricci)
+Ωm (2n+ 1)− b2 (Ωm + ΩDpl,Ricci)
=
(
ΩDpl,Ricci
c2γpl,Ricci
− 1
)
(1− Ωφ − ΩDpl,Ricci)
+ΩDpl,Ricci
[
upl,Ricci
(
2n+ 1− b2)− b2] , (2.188)
Ω′Dlog,Ricci = 2
(
ΩDlog,Ricci
c2γlog,Ricci
− 1
)
(1− Ωφ − ΩDlog,Ricci)
+Ωm (2n+ 1)− b2 (Ωm + ΩDlog,Ricci)
= 2
(
ΩDlog,Ricci
c2γlog,Ricci
− 1
)
(1− Ωφ − ΩDlog,Ricci)
+ΩDlog,Ricci
[
upl,Ricci
(
2n+ 1− b2)− b2] . (2.189)
Finally, for a flat Dark Dominated Universe, we obtain that both expressions of Ω′Dpl and
Ω′Dlog are equals to zero, as it must be since for Dark Dominated Universe we have that
ΩD = 1.
3 Statefinder Diagnostic
The investigation of cosmological parameters (like the Hubble parameter H, the EoS
parameter ωD and the deceleration parameter q) have attracted a lot of attention in modern
cosmology. Since different DE models lead to a positive Hubble parameter and a negative
deceleration parameter (i.e. H > 0 and q < 0) at the present epoch, the Hubble and the
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deceleration parameters H and q can not effectively discriminate the various DE models. A
higher order of time derivatives of the scale factor a (t) is then required in order to have a
better comprehension of the model taken into account. Sahni et al. [140] and Alam et al. [141],
using the third time derivative of scale factor a(t), introduced the statefinder pair, indicated
with {r, s}, with the main purpose to eliminate the known degeneracy of the Hubble and the
deceleration parameters H and q at the present epoch. The general expressions of the two
statefinder parameters r and s are given, respectively, by the following relations:
r =
...
a
aH3
, (3.1)
s =
r − 1
3 (q − 1/2) , (3.2)
where q represents the deceleration parameter, which has been already studied in the previous
Section.
The statefinder parameters can be also written as functions of the energy densities and the
pressure of the model considered as follows:
r = 1 +
9
2
(
ρ+ p
ρ
)
p˙
ρ˙
= 1 +
9
2
(
ρ+ p
ρ
)
p′
ρ′
, (3.3)
s =
(
ρ+ p
p
)
p˙
ρ˙
=
(
ρ+ p
p
)
p′
ρ′
. (3.4)
Considering that the total pressure p and the total energy density ρ are given, respectively,
by p = pD and ρ = ρD + ρm, we can write the expressions of r and s as follows:
r = 1 +
9
2
(
ρD + ρm + pD
ρD + ρm
)
p˙D
ρ˙D + ρ˙m
= 1 +
9
2
(
ρD + ρm + pD
ρD + ρm
)
p′D
ρ′D + ρ′m
, (3.5)
s =
(
ρD + ρm + pD
pD
)
p˙D
ρ˙D + ρ˙m
=
(
ρD + ρm + pD
pD
)
p′D
ρ′D + ρ′m
. (3.6)
An alternative way to write the statefinder parameters r and s is the following one:
r = 1 + 3
(
H˙
H2
)
+
H¨
H3
, (3.7)
s = − 3HH˙ + H¨
3H
(
2H˙ + 3H2
)
= − 3H˙ + H¨/H
3
(
2H˙ + 3H2
) . (3.8)
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The most important property of the statefinder parameters is that the point with coordinates
corresponding to {r, s} = {1, 0} indicates the fixed point in the r−s plane which corresponds
to the flat ΛCDM model [142]. Departures of other DE models from the point corresponding
to the ΛCDM model are good ways to establish the distance of these models from the flat
ΛCDM model.
Moreover, we must underline here that, in the r−s plane, a positive value of s (i.e. s > 0) in-
dicates a quintessence-like model of DE, instead we have that a negative value of s (i.e. s < 0)
leads to a phantom-like model of DE. Furthermore, an evolution from a phantom-like to a
quintessence-like model (or the inverse) is obtained by crossing of the point {r, s} = {1, 0}
in the r − s plane [143].
Braneworld, cosmological constant, Chaplygin gas and quintessence models were investigated
by Alam et al. [141] using the statefinder diagnostic: they observed that the statefinder pair
could differentiate between these different models. An investigation on statefinder parame-
ters for differentiating between DE and modified gravity was carried out in Wang et al. [144].
Statefinder diagnostics for the f (T ) modified gravity model has been considered in the paper
of Wu & Yu [143].
Other authors have been studied the properties of various DE models from the viewpoint of
statefinder diagnostic [145–147].
3.1 Non Interacting Case
We now study the statefinder pair for the model considered in this paper, for this reason
we need to derive the quantities useful in order to obtain the final expression of the pair {r, s}.
We underline here that for r we will use the expression given in Eq. (3.7) since it will be easier
to calculate the terms involved: in fact, we already calculated H˙
H2
and using its expression we
can easily derive one for H¨
H3
.
We start considering the non interacting case.
We have already obtained the expression of
(
H˙
H2
)
pl
and
(
H˙
H2
)
log
in Eqs. (2.42) and (2.43).
Differentiating the expressions of
(
H˙
H2
)
pl
and
(
H˙
H2
)
log
obtained in Eqs. (2.42) and (2.43), we
can easily find the following expressions for
(
H¨
H3
)
pl
and
(
H¨
H3
)
log
:
(
H¨
H3
)
pl
= 2
(
H˙
H2
)2
pl
+
(
H˙
H2
)′
pl
, (3.9)
(
H¨
H3
)
log
= 2
(
H˙
H2
)2
log
+
(
H˙
H2
)′
log
. (3.10)
We than have that the expressions of the statefinder parameters rpl and rlog can be also
written as follows:
rpl = 1 + 3
(
H˙
H2
)
pl
+ 2
(
H˙
H2
)2
pl
+
(
H˙
H2
)′
pl
, (3.11)
rlog = 1 + 3
(
H˙
H2
)
log
+ 2
(
H˙
H2
)2
log
+
(
H˙
H2
)′
log
. (3.12)
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Considering the expressions of
(
H˙
H2
)
pl
and
(
H˙
H2
)
log
given, respectively, in Eqs. (2.42) and
(2.43), we obtain the following expressions:
(
H˙
H2
)′
pl
=
1
β
(
Ω′Dpl
c2γpl
− ΩDplγ
′
pl
c2γ2pl
)
, (3.13)
(
H˙
H2
)′
log
=
1
β
(
Ω′Dlog
c2γlog
− ΩDlogγ
′
log
c2γ2log
)
. (3.14)
We now need to make some considerations about the expressions of γ′pl and γ
′
log.
Using the definition of γpl and γlog given, respectively, in Eqs. (2.13) and (2.14), we obtain
that γ′pl and γ
′
log are given by the following relations:
γ′pl =
γ˙pl
H
=
(δ − 2)λ
3c2Lδ−2GO
(
L′GO
LGO
)
pl
= (δ − 2) (1− γpl)
(
L′GO
LGO
)
pl
, (3.15)
γ′log =
γ˙log
H
=
8ω
3c2φ2L2GO
{
%
[
1− log
(
φ2L2GO
4ω
)
− 
]}[(
L′GO
LGO
)
log
+ n
]
, (3.16)
where
(
L′GO
LGO
)
pl
=
(
L˙GO
HLGO
)
pl
, (3.17)
(
L′GO
LGO
)
log
=
(
L˙GO
HLGO
)
log
. (3.18)
Using the definition of the Granda-Oliveros cut off LGO given in Eq. (1.11) along with the
definition of its time derivative previously derived in Eq. (2.37), we obtain the following
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relations for
(
L′GO
LGO
)
pl
and
(
L′GO
LGO
)
log
:
(
L′GO
LGO
)
pl
= −H2L2
(
α
H˙
H2
+ β
H¨
2H3
)
pl
= −c
2γpl
ΩDpl
(
α
H˙
H2
+ β
H¨
2H3
)
pl
=
3c2γpl
2
(
1 + ωDpl − 2n
3
)(
c2 − λδ
6Lδ−2GO
)−1
,
(
L′GO
LGO
)
log
= −H2L2
(
α
H˙
H2
+ β
H¨
2H3
)
log
= −c
2γlog
Ωlog
(
α
H˙
H2
+ β
H¨
2H3
)
log
=
3c2γlog
2
(
1 + ωDlog − 2n
3
)
×{
c2 +
4ω
3φ2
L−2GO
[
2% ln
(
φ2L2GO
4ω
)
− %+ 2
]}−1
. (3.19)
In order to study the present day behavior of γpl0, γ
′
pl0, γlog0 and γ
′
log0 we need to make
some preliminary considerations. We know that the power-law correction and the logarithmic
corrections to the entropy gives reasonable contributions only at early stages of the Universe
history while with the passing of the time their contributions become less important. For
this reason, we can tell that, for γpl0, γ
′
pl0, γlog0 and γ
′
log0, the power-law and the logarithmic
corrections can be considered practically negligible. We then have:
γpl0 = γlog0 ≈ 1, (3.20)
γ′pl0 = γ
′
log0 ≈ 0. (3.21)
In all the following calculations, we will take into account the consideration made in Eqs.
(3.20) and (3.21), for this reason we will neglect all the derivatives of γpl and γlog.
Using the relations for rpl and rlog obtained in Eqs. (3.11) and (3.12) along with the results
obtained in Eqs. (3.13) and (3.14), we finally derived the following relations for rpl and rlog:
rpl = 1 +
3
β
(
ΩDpl
c2γpl
− α
)
+
2
β2
[(
ΩDpl
c2γpl
− α
)]2
+
1
β
(
Ω′Dpl
c2γpl
)
, (3.22)
rlog = 1 +
3
β
(
ΩDlog
c2γlog
− α
)
+
2
β2
[(
ΩDlog
c2γlog
− α
)]2
+
1
β
(
Ω′Dlog
c2γlog
)
. (3.23)
We start considering the non interacting case.
Substituting in Eqs. (3.22) and (3.23) the expressions of Ω′Dpl and Ω
′
Dlog for the non inter-
acting case, we obtain that the present day values of rpl and rlog are given, respectively,
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by:
rpl,0 = 1 +
3
β
(
ΩDpl,0
c2γpl,0
− α
)
+
2
β2
(
ΩDpl,0
c2γpl,0
− α
)2
+
1
β
[
2
βc2γpl,0
(
ΩDpl,0
c2γpl,0
+ β − α
)
(1− Ωφ − ΩDpl,0)
+
(
ΩDpl,0
c2γpl,0
)
upl,0 (2n+ 1)
]
, (3.24)
rlog,0 = 1 +
3
β
(
ΩDlog,0
c2γlog,0
− α
)
+
2
β2
[(
ΩDlog,0
c2γlog,0
− α
)]2
+
1
β
[
2
βc2γlog,0
(
ΩDlog,0
c2γlog,0
+ β − α
)
(1− Ωφ − ΩDlog,0)
+
(
ΩDlog,0
c2γlog,0
)
ulog,0 (2n+ 1)
]
. (3.25)
Considering the values of α and β defined in the Introduction for the non flat Universe (i.e.
α = 0.8824 and β = 0.5016) along with the values of
ΩDpl,0
c2γpl,0
and
ΩDlog,0
c2γlog,0
defined in Eq. (2.127)
and the value of n n = 10−4, we obtain that:
rpl,0 = rlog,0 ≈ 1.11598. (3.26)
Using the results of Eq. (3.26) along with the value of q obtained in order to have the crossing
of the phantom divide line, we have that the statefinder parameters spl,0 and slog,0 assume
the following value:
spl,0 = slog,0 ≈ −0.0372979. (3.27)
Considering the values of α and β defined in the Introduction for the flat Universe (i.e.
α = 0.8502 and β = 0.4817) along with the values of
ΩDpl,0
c2γpl,0
and
ΩDlog,0
c2γlog,0
defined in Eq. (2.127)
and the value of n n = 10−4, we obtain that:
rpl,0 = rlog,0 ≈ 1.13534. (3.28)
Using the results of Eq. (3.28) along with the value of q obtained in order to have the crossing
of the phantom divide line, we have that the statefinder parameters spl,0 and slog,0 assume
the following value:
spl,0 = slog,0 ≈ −0.0435269. (3.29)
Instead, considering the values of α and β corresponding to the Ricci scale (i.e. α = 2 and
β = 1) along with the values of
ΩDpl,0
c2γpl,0
and
ΩDlog,0
c2γlog,0
defined in Eq. (2.129) and the value of n
n = 10−4, we obtain that:
rpl,0 = rlog,0 ≈ 0.975634. (3.30)
Using the results of Eq. (3.30) along with the value of q obtained in order to have the crossing
of the phantom divide line, we have that the statefinder parameters spl,0 and slog,0 assume
the following value:
spl,0 = slog,0 ≈ 0.00783629. (3.31)
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We have, then, that for the non flat case, i.e. for α = 0.8824 and β = 0.5016, the models
we are studying lead to point {r, s} = {1.11598,−0.0372979} in the r − s plane. Instead,
for the flat case, i.e. for α = 0.8502 and β = 0.4817, the models we are studying lead to
point {r, s} = {1.13534,−0.0435269} in the r − s plane. Therefore, we obtain two points
which are slightly far from the point {r, s} = {1, 0}, with the non flat case closer to the point
corresponding to the ΛCDM model. Moreover, since we have s < 0, we can conclude that the
models considered have a phantom-like behavior in the case of absence of interacting between
Dark Sectors for both flat and non flat cases.
Instead, for the case corresponding to the Ricci scale, i.e. for α = 2 and β = 1, the models we
are studying lead to point {r, s} = {0.975634, 0.00783629} in the r − s plane, i.e. to a point
closer to {r, s} = {1, 0} if compared with the other two models. However, since for the Ricci
scale we obtained s > 0, it means that for this limiting case we deal with a quintessence-like
model.
3.2 Interacting Case
We now consider the interacting case for all the three different interacting case taken
into account.
Substituting in Eqs. (3.22) and (3.23) the expressions of Ω′Dpl and Ω
′
Dlog for the first inter-
acting cases derived in Eqs. (2.160) and (2.161), we obtain that the following present day
values of rpl and rlog are given, respectively, by:
rpl,0 = 1 +
3
β
(
ΩDpl,0
c2γpl,0
− α
)
+
2
β2
[(
ΩDpl,0
c2γpl,0
− α
)]2
+
1
β
[
2
βc2γpl,0
(
ΩDpl,0
c2γpl,0
+ β − α
)
(1− Ωφ − ΩDpl,0)
+
(
ΩDpl,0
c2γpl,0
)
upl,0
(
2n+ 1− b2)] , (3.32)
rlog,0 = 1 +
3
β
(
ΩDlog,0
c2γlog,0
− α
)
+
2
β2
[(
ΩDlog,0
c2γlog,0
− α
)]2
+
1
β
[
2
βc2γlog,0
(
ΩDlog,0
c2γlog,0
+ β − α
)
(1− Ωφ − ΩDlog,0)
+
(
ΩDlog,0
c2γlog,0
)
ulog,0
(
2n+ 1− b2)] . (3.33)
Considering the values of α and β defined in the Introduction for the non flat Universe (i.e.
α = 0.8824 and β = 0.5016) along with the values of
ΩDpl,0
c2γpl,0
and
ΩDlog,0
c2γlog,0
defined in Eq. (2.127)
and the value of n n = 10−4, we obtain that:
rpl,0 = rlog,0 ≈ 1.11598− 0.579114b2. (3.34)
Using the results of Eq. (3.34) along with the value of q obtained in order to have the crossing
of the phantom divide line, we have that the statefinder parameters spl,0 and slog,0 assume
the following expression:
spl,0 = slog,0 ≈ −0.0372979 + 0.186244b2. (3.35)
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Considering the values of α and β defined in the Introduction for the flat Universe (i.e.
α = 0.8502 and β = 0.4817) along with the values of
ΩDpl,0
c2γpl,0
and
ΩDlog,0
c2γlog,0
defined in Eq. (2.127)
and the value of n n = 10−4, we obtain that:
rpl,0 = rlog,0 ≈ 1.13534− 0.58172b2. (3.36)
Using the results of Eq. (3.36) along with the value of q obtained in order to have the crossing
of the phantom divide line, we have that the statefinder parameters spl,0 and slog,0 assume
the following expression:
spl,0 = slog,0 ≈ −0.0435269 + 0.187082b2. (3.37)
Instead, considering the values of α and β corresponding to the Ricci scale (i.e., for α = 2
and β = 1) along with the values of
ΩDpl,0
c2γpl,0
and
ΩDlog,0
c2γlog,0
defined in Eq. (2.129) and the value
of n n = 10−4, we obtain that:
rpl,0 = rlog,0 ≈ 0.975634− 0.686758b2. (3.38)
Using the results of Eq. (3.38) along with the value of q obtained in order to have the crossing
of the phantom divide line, we have that the statefinder parameters spl,0 and slog,0 assume
the following value:
spl,0 = slog,0 ≈ 0.00783629 + 0.220862b2. (3.39)
We now consider the second interacting case, corresponding to Q2.
Substituting in Eqs. (3.22) and (3.23) the expressions of Ω′Dpl and Ω
′
Dlog for the second
interacting cases derived in Eqs. (2.170) and (2.171), we obtain that the present day values
of rpl and rlog are given, respectively, by:
rpl,0 = 1 +
3
β
(
ΩDpl,0
c2γpl,0
− α
)
+
2
β2
[(
ΩDpl,0
c2γpl,0
− α
)]2
+
1
β
{
2
βc2γpl,0
(
ΩDpl,0
c2γpl,0
+ β − α
)
(1− Ωφ − ΩDpl,0)
+
(
ΩDpl,0
c2γpl,0
)[
upl,0 (2n+ 1)− b2
]}
, (3.40)
rlog,0 = 1 +
3
β
(
ΩDlog,0
c2γlog,0
− α
)
+
2
β2
[(
ΩDlog,0
c2γlog,0
− α
)]2
+
1
β
{
2
βc2γlog,0
(
ΩDlog,0
c2γlog,0
+ β − α
)
(1− Ωφ − ΩDlog,0)
+
(
ΩDlog,0
c2γlog,0
)[
ulog,0 (2n+ 1)− b2
]}
. (3.41)
Considering the values of α and β defined in the Introduction for the non flat Universe (i.e.
α = 0.8824 and β = 0.5016) along with the values of
ΩDpl,0
c2γpl,0
and
ΩDlog,0
c2γlog,0
defined in Eq. (2.127)
and the value of n n = 10−4, we obtain that:
rpl,0 = rlog,0 ≈ 1.11598− 1.29565b2. (3.42)
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Using the results of Eq. (3.42) along with the value of q obtained in order to have the phantom
divide crossing, we have that the statefinder parameter spl,0 and slog,0 assume the following
expression:
spl,0 = slog,0 ≈ −0.0372979 + 0.416683b2. (3.43)
Considering the values of α and β defined in the Introduction for the flat Universe (i.e.
α = 0.8502 and β = 0.4817) along with the values of
ΩDpl,0
c2γpl,0
and
ΩDlog,0
c2γlog,0
defined in Eq. (2.127)
and the value of n n = 10−4, we obtain that:
rpl,0 = rlog,0 ≈ 1.13534− 1.30148b2. (3.44)
Using the results of Eq. (3.44) along with the value of q obtained in order to have the phantom
divide crossing, we have that the statefinder parameters spl,0 and slog,0 assume the following
expression:
spl,0 = slog,0 ≈ −0.0435269 + 0.418557b2. (3.45)
Instead, considering the values of α and β corresponding to the Ricci scale (i.e., for α = 2
and β = 1) along with the values of
ΩDpl,0
c2γpl,0
and
ΩDlog,0
c2γlog,0
defined in Eq. (2.129) and the value
of n n = 10−4, we obtain that:
rpl,0 = rlog,0 ≈ 0.975634− 1.53648b2. (3.46)
Using the results of Eq. (3.46) along with the value of q obtained in order to have the phantom
divide crossing, we have that the statefinder parameters spl,0 and slog,0 assume the following
value:
spl,0 = slog,0 ≈ 0.00783629 + 0.49134b2. (3.47)
We finally consider the third interacting case corresponding to Q3.
Substituting in Eqs. (3.22) and (3.23) the expressions of Ω′Dpl and Ω
′
Dlog for the third inter-
acting cases derived in Eqs. (2.180) and (2.181), we obtain that the present day values:
rpl,0 = 1 +
3
β
(
ΩDpl,0
c2γpl,0
− α
)
+
2
β2
[(
ΩDpl,0
c2γpl,0
− α
)]2
+
1
β
{
2
βc2γpl,0
(
ΩDpl,0
c2γpl,0
+ β − α
)
(1− Ωφ − ΩDpl,0)
+
(
ΩDpl,0
c2γpl,0
)[
upl,0
(
2n+ 1− b2)− b2]} , (3.48)
rlog,0 = 1 +
3
β
(
ΩDlog,0
c2γlog,0
− α
)
+
2
β2
[(
ΩDlog,0
c2γlog,0
− α
)]2
+
1
β
{
2
βc2γlog,0
(
ΩDlog,0
c2γlog,0
+ β − α
)
(1− Ωφ − ΩDlog,0)
+
(
ΩDlog,0
c2γlog,0
)[
ulog,0
(
2n+ 1− b2)− b2]} . (3.49)
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Considering the values of α and β defined in the Introduction for the non flat Universe (i.e.
α = 0.8824 and β = 0.5016) along with the values of
ΩDpl,0
c2γpl,0
and
ΩDlog,0
c2γlog,0
defined in Eq. (2.127)
and the value of n n = 10−4, we obtain that:
rpl,0 = rlog,0 ≈ 1.11598− 1.87476b2. (3.50)
Using the results of Eq. (3.50) along with the value of q obtained in order to have the phantom
divide crossing, we have that the statefinder parameters spl,0 and slog,0 assume the following
expression:
spl,0 = slog,0 ≈ −0.0372979 + 0.602917b2. (3.51)
Considering the values of α and β defined in the Introduction for the flat Universe (i.e.
α = 0.8502 and β = 0.4817) along with the values of
ΩDpl,0
c2γpl,0
and
ΩDlog,0
c2γlog,0
defined in Eq. (2.129)
and the value of n n = 10−4, we obtain that:
rpl,0 = rlog,0 ≈ 1.13534− 1.8832b2. (3.52)
Using the results of Eq. (3.52) along with the value of q obtained in order to have the phantom
divide crossing, we have that the statefinder parameters spl,0 and slog,0 assume the following
expression:
spl,0 = slog,0 ≈ −0.0435269 + 0.60564b2. (3.53)
Instead, considering the values of α and β corresponding to the Ricci scale (i.e. α = 2 and
β = 1) along with the values of
ΩDpl,0
c2γpl,0
and
ΩDlog,0
c2γlog,0
defined in Eq. (2.129) and the value of n
n = 10−4, we obtain that:
rpl,0 = rlog,0 ≈ 0.975634− 2.22324b2. (3.54)
Using the results of Eq. (3.54) along with the value of q obtained in order to have the phantom
divide crossing, we have that the statefinder parameters spl,0 and slog,0 assume the following
value:
spl,0 = slog,0 ≈ 0.00783629 + 0.714997b2. (3.55)
We can observe that, in the limiting case of b2 = 0, i.e. in absence of interaction, we recover
the same results of the non interacting case for all the three interacting cases and for all the
three limiting cases considered.
Considering b2 in the range [0, 0.025] for the cases corresponding to α = 0.8824 and β = 0.5016
and to α = 0.8502 and β = 0.4817, we can observe that, for all the three interacting cases
considered, we find a point in the r− s plane which is closer to the one corresponding to the
ΛCDM model if compared with the non interacting case. This fact is more evident for the
third interacting case, while it is slightly less for the second and the first interacting cases.
Moreover, for all the three cases considered, we have s < 0, which indicates a phantom-like
model.
For the limiting case corresponding to the Ricci scale, we obtain that for all the three inter-
acting case, there is a departure from the point {r, s} = {1, 0}, corresponding to the ΛCDM
model.
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4 Cosmographic Parameters
In this Section, we obtain some important cosmological information about the model
we are considering using the properties of the cosmographic parameters.
Standard candles (like SNe Ia) represent powerful instruments in present day cosmology
since they can be used in order to reconstruct the Hubble diagram, i.e. the redshift-distance
relation up to high redshifts z. It is common to constrain a parameterized model against the
data in order to check its validity and to constraint its free parameters. However, this type
of approach is highly model-dependent, so there are still some debate in scientific community
on the validity of the constraints on the derived cosmological quantities.
In order to avoid this kind of problem, it is possible to use cosmography, i.e. expanding the
scale factor a (t) in Taylor series with respect to the cosmic time t. This type of expansion
leads to a distance-redshift relation which it is fully model independent since it is independent
on the particular form of the solution of cosmic equations. Cosmography can be considered as
a milestone in the study of the main properties of Universe dynamics, which any theoretical
model considered has to consider and also to satisfy. It is useful to introduce the following
quantities [148, 149]:
q = − a¨
a
H−2 = − a¨a
a˙2
= −a
(2)a
a˙2
, (4.1)
j =
1
a
d3a
dt3
H−3 =
a(3)a2
a˙3
, (4.2)
s =
1
a
d4a
dt4
H−4 = −a
(4)a3
a˙4
. (4.3)
In general, we have that the i-th parameter xi can be obtained thanks to the following
expression:
xi = (−1)i+1 1
H i
a(i)
a
= (−1)i+1 a
(i)ai−1
a˙i+1
, (4.4)
where the index i, when in parenthesis, indicates the order of the derivative with respect
to the cosmic time t while, when not in parenthesis, indicates the power law index of the
corresponding quantity.
The quantities given in Eqs. (4.1), (4.2) and (4.3) are known, respectively, as deceleration,
jerk and snap parameters.
Since we have that one of the statefinder parameters studied in the previous Section is
indicated with s, we will indicate the snap parameter with scosmo in order to avoid confusion.
The present-day values of these parameters, denoted with the subscript 0 (which indicates the
value of the parameter for z = 0 or equivalently for t = 0) can be used in order to characterize
the evolutionary status of the Universe. For example, a negative value of q0 indicates an
accelerated expansion of the Universe, while the value of j0 allows us to discriminate among
different accelerating models.
Using the definitions given in Eqs. (4.1), (4.2) and (4.3), we can easily obtain the fourth order
Taylor expansion of the scale factor a (t) as follows:
a (t)
a (t0)
= 1 +H0 (t− t0)− q0
2
H20 (t− t0)2 +
j0
3!
H30 (t− t0)3
+
s0
4!
H40 (t− t0)4 +O
[
(t− t0)5
]
, (4.5)
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where t0 ≈ 1/H0 gives the present day age of the Universe. It must be here underlined that
Eq. (4.5) is also the fourth order expansion of (1 + z)−1, since, from the definition of redshift
z, we obtain that:
z =
a (t0)
a (t)
− 1. (4.6)
The deceleration parameter q has been already introduced and studied in Section 2. We have
seen that, in order to obtain the crossing divide line, q must assume a negative value, which
is in agreement with the present theories.
The jerk parameter l is also another way to call the statefinder parameter r and it represents
a natural next step beyond the Hubble and the deceleration parameters H and q [141, 150].
The snap parameter scosmo, which depends on the fourth derivative with respect to the cosmic
time of the scale factor a (t), is also known with the name of kerk parameter and it has been
well studied and discussed in the recent papers written by Dabrowski [151], Dunajski &
Gibbons [152] and Arabsalmania & Sahni [150]. Another useful expression which can be used
in order to find the expression of scosmo involves the deceleration and the jerk parameters
and it is given by:
scosmo =
j˙
h
− j (2 + 3q) = j′ − j (2 + 3q) . (4.7)
Some constraints about the value of s have been recently obtained. For example, Capozziello
& Izzo [153] have found that s0 = 8.32 ± 12.16, while John [154] has derived that s0 =
36.5 ± 52.9. The errors of the values derived in these two works are also of the order of
200%, for future more precise comparisons between cosmological constraints of s and values
obtained from theoretical models, it will be useful to have better constraints.
4.1 Non Interacting Case
We now derive an expression for the snap parameter s for the models we are dealing
with. We start with the non interacting case.
Using the definition given in Eq. (4.7), we obtain the following expressions for spl,cosmo and
slog,cosmo:
spl,cosmo =
1
β
Ω′′Dpl
c2γpl
+
Ω′Dpl
c2γpl
[
4
β
+
7
β2
(
ΩDpl
c2γpl
− α
)]
+
{
1 +
3
β
(
ΩDpl
c2γpl
− α
)
+
2
β2
[(
ΩDpl
c2γpl
− α
)]2}
×[
1 +
3
β
(
ΩDpl
c2γpl
− α
)]
, (4.8)
slog,cosmo =
1
β
Ω′′Dlog
c2γlog
+
Ω′Dlog
c2γlog
[
4
β
+
7
β2
(
ΩDlog
c2γlog
− α
)]
+
{
1 +
3
β
(
ΩDlog
c2γlog
− α
)
+
2
β2
[(
ΩDlog
c2γlog
− α
)]2}
×[
1 +
3
β
(
ΩDlog
c2γlog
− α
)]
. (4.9)
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For the non interacting case, we can obtain the following expressions for Ω′′Dpl and Ω
′′
Dlog:
Ω′′Dpl = Ω
′
Dpl
{
2
β
[
1− Ωφ − ΩDpl
c2γpl
−
(
ΩDpl
c2γpl
+ β − α
)]
+ upl (2n+ 1)
}
+u′plΩDpl (2n+ 1) , (4.10)
Ω′′Dlog = Ω
′
Dlog
{
2
β
[
1− Ωφ − ΩDlog
c2γlog
−
(
ΩDlog
c2γlog
+ β − α
)]
+ ulog (2n+ 1)
}
+u′logΩDlog (2n+ 1) . (4.11)
We have already derived the expressions Ω′Dpl, Ω
′
Dlog for the non interacting case, we now
need to find the expression of u′pl and u
′
log.
Differentiating with respect to x the general expression of u, i.e. u = ρm/ρD, we find the
following relation:
u′ =
ρ′m
ρD
− ρ
′
Dρm
ρ2D
=
ρ′m
ρD
− u
(
ρ′D
ρD
)
. (4.12)
From the continuity equations for DE and DM given in Eqs. (2.130), (2.131) and (2.132), we
can find the following results:
ρ′Dpl = −3ρDpl (1 + ωDpl) , (4.13)
ρ′Dlog = −3ρDlog (1 + ωDlog) , (4.14)
ρ′m = −3ρm = −3upl,logρD(pl,log). (4.15)
We must underline that in Eq. (4.15) we used the general definition of u, i.e. u = ρm/ρD.
Inserting in Eq. (4.12) the results of Eqs. (4.13), (4.14) and (4.15), we obtain, after some
algebraic calculations, the following relations for u′pl and u
′
log:
u′pl = 3uplωDpl, (4.16)
u′log = 3ulogωDlog. (4.17)
Using the expressions of Ω′Dpl, Ω
′
Dlog, u
′
pl and u
′
log derived in Eqs. (2.107), (2.108), (4.16) and
(4.17), we obtain the following expressions for Ω′′Dpl and Ω
′′
Dlog:
Ω′′Dpl =
[
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + uplΩDpl (2n+ 1)
]
×{
2
β
[
1− Ωφ − ΩDpl
c2γpl
−
(
ΩDpl
c2γpl
+ β − α
)]
+ upl (2n+ 1)
}
+3uplωDplΩDpl (2n+ 1) , (4.18)
Ω′′Dlog =
[
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + ulogΩDlog (2n+ 1)
]
×{
2
β
[
1− Ωφ − ΩDlog
c2γlog
−
(
ΩDlog
c2γlog
+ β − α
)]
+ ulog (2n+ 1)
}
+3ulogωDlogΩDlog (2n+ 1) . (4.19)
Then, using the expressions of Ω′Dpl, Ω
′
Dlog, Ω
′′
Dpl, and Ω
′′
Dlog derived in Eqs. (2.107), (2.108),
(4.55) and (4.56), we have that the expressions of spl,cosmo and slog,cosmo are given, respec-
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tively, by:
spl,cosmo =
1
βc2γpl
×
[
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + uplΩDpl (2n+ 1)
]
×{
2
β
[
1− Ωφ − ΩDpl
c2γpl
−
(
ΩDpl
c2γpl
+ β − α
)]
+ upl (2n+ 1)
}
+
3uplωDplΩDpl (2n+ 1)
βc2γpl
+
[
2
βc2γpl
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + uplΩDpl
c2γpl
(2n+ 1)
]
×[
4
β
+
7
β2
(
ΩDpl
c2γpl
− α
)]
+
{
1 +
3
β
(
ΩDpl
c2γpl
− α
)
+
2
β2
[(
ΩDpl
c2γpl
− α
)]2}
×[
1 +
3
β
(
ΩDpl
c2γpl
− α
)]
, (4.20)
slog,cosmo =
1
βc2γlog
×
[
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + ulogΩDlog (2n+ 1)
]
×{
2
β
[
1− Ωφ − ΩDlog
c2γlog
−
(
ΩDlog
c2γlog
+ β − α
)]
+ ulog (2n+ 1)
}
+
3ulogωDlogΩDlog (2n+ 1)
βc2γlog[
2
βc2γlog
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + ulogΩDlog
c2γlog
(2n+ 1)
]
×[
4
β
+
7
β2
(
ΩDlog
c2γlog
− α
)]
+
{
1 +
3
β
(
ΩDlog
c2γlog
− α
)
+
2
β2
[(
ΩDlog
c2γlog
− α
)]2}
×[
1 +
3
β
(
ΩDlog
c2γlog
− α
)]
. (4.21)
Inserting in Eqs. (4.20) and (4.21) the values of the parameters involved, we obtain, for the
non flat case, that:
spl,cosmo = slog = 1.79942. (4.22)
Moreover, considering the flat Universe case, i.e. for α = 0.8502 and β = 0.4817, we obtain:
spl,cosmo = slog = 2.0227. (4.23)
Instead, at Ricci scale, i.e. for α = 2 and β = 1, we obtain:
spl,cosmo = slog = −0.88631. (4.24)
We find that the values of s obtained for the three different limiting cases are between the
errors of the values obtained in Capozziello & Izzo [153] and John [154].
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4.2 Interacting Case
We now consider the three interacting cases chosen in this paper.
We start calculating the expression of u′ since it will be useful for the following calculations.
We follow the same procedure of the non interacting case, we then consider the following
general expression:
u′ =
ρ′m
ρD
− ρ
′
Dρm
ρ2D
=
ρ′m
ρD
− uρ
′
D
ρD
. (4.25)
From the continuity equations for DE and DM given in Eqs. (2.130), (2.131) and (2.132), we
find the following relations for ρ′D and ρ
′
m for the interacting case:
ρ′D,pl = −3ρD,pl (1 + ωD,pl)−
Q
H
, (4.26)
ρ′D,log = −3ρD,log (1 + ωD,log)−
Q
H
, (4.27)
ρ′m = −3ρm +
Q
H
. (4.28)
Inserting in Eq. (4.25) the expressions of ρ′D and ρ
′
m obtained in Eqs. (4.26), (4.27) and (4.28)
along with the definitions of Q1, Q2 and Q3, we find the following expressions for u
′
pl and
u′log for the three different interacting case considered:
u′pl = 3uplωD,pl + 3b
2upl (1 + upl) , (4.29)
u′log = 3ulogωD,log + 3b
2ulog (1 + ulog) , (4.30)
u′pl = 3uplωD,pl + 3b
2 (1 + upl) , (4.31)
u′log = 3ulogωD,log + 3b
2 (1 + ulog) , (4.32)
u′pl = 3uplωD,pl + 3b
2 (1 + upl)
2 , (4.33)
u′log = 3ulogωD,log + 3b
2 (1 + ulog)
2 . (4.34)
For the case corresponding to Q1, using the definitions of Ω
′
Dpl and Ω
′
Dlog obtained for this
case, we derive:
Ω′′Dpl = Ω
′
Dpl
{
2
β
[
1− Ωφ − ΩDpl
c2γpl
−
(
ΩDpl
c2γpl
+ β − α
)]
+ upl
(
2n+ 1− b2)}
+ΩDpl
[
u′pl
(
2n+ 1− b2)] , (4.35)
Ω′′Dlog = Ω
′
Dlog
{
2
β
[
1− Ωφ − ΩDlog
c2γlog
−
(
ΩDlog
c2γlog
+ β − α
)]
+ ulog
(
2n+ 1− b2)}
+ΩDlog
[
u′log
(
2n+ 1− b2)] . (4.36)
Therefore, using the expressions of Ω′Dpl, Ω
′
Dlog, u
′
pl and u
′
log obtained in Eqs. (2.160), (2.161),
(4.29) and (4.30), we have then that the expressions of Ω′′Dpl and Ω
′′
Dlog are given, respectively,
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by:
Ω′′Dpl =
[
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + uplΩDpl
(
2n+ 1− b2)]×{
2
β
[
1− Ωφ − ΩDpl
c2γpl
−
(
ΩDpl
c2γpl
+ β − α
)]
+ upl
(
2n+ 1− b2)}
+ΩDpl
(
2n+ 1− b2) [3uplωDpl + 3b2upl (1 + upl)] , (4.37)
Ω′′Dlog =
[
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + ulogΩDlog
(
2n+ 1− b2)]×{
2
β
[
1− Ωφ − ΩDlog
c2γlog
−
(
ΩDlog
c2γlog
+ β − α
)]
+ ulog
(
2n+ 1− b2)}
+ΩDlog
(
2n+ 1− b2) [3ulogωDlog + 3b2ulog (1 + ulog)] . (4.38)
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Using the expressions of Ω′Dpl, Ω
′
Dlog, Ω
′′
Dpl, Ω
′′
Dlog, we have then that the expressions of spl
and slog are given, respectively, by:
spl =
1
βc2γpl
×
[
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + uplΩDpl
(
2n+ 1− b2)]×{
2
β
[
1− Ωφ − ΩDpl
c2γpl
−
(
ΩDpl
c2γpl
+ β − α
)]
+ upl
(
2n+ 1− b2)}
+
ΩDpl
(
2n+ 1− b2)
βc2γpl
[
3uplωDpl + 3b
2upl (1 + upl)
]
[
2
βc2γpl
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + uplΩDpl
c2γpl
(
2n+ 1− b2)]×[
4
β
+
7
β2
(
ΩDpl
c2γpl
− α
)]
+
{
1 +
3
β
(
ΩDpl
c2γpl
− α
)
+
2
β2
[(
ΩDpl
c2γpl
− α
)]2}
×[
1 +
3
β
(
ΩDpl
c2γpl
− α
)]
, (4.39)
slog =
1
βc2γlog
×
[
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + ulogΩDlog
(
2n+ 1− b2)]×{
2
β
[
1− Ωφ − ΩDlog
c2γlog
−
(
ΩDlog
c2γlog
+ β − α
)]
+ ulog
(
2n+ 1− b2)}
+
ΩDlog
(
2n+ 1− b2)
βc2γlog
[
3ulogωDlog + 3b
2ulog (1 + ulog)
]
[
2
βc2γlog
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + ulogΩDlog
c2γlog
(
2n+ 1− b2)]×[
4
β
+
7
β2
(
ΩDlog
c2γlog
− α
)]
+
{
1 +
3
β
(
ΩDlog
c2γlog
− α
)
+
2
β2
[(
ΩDlog
c2γlog
− α
)]2}
×[
1 +
3
β
(
ΩDlog
c2γlog
− α
)]
. (4.40)
Inserting in Eqs. (4.39) and (4.40) the values of the parameters involved, we obtain, for the
non flat case, that:
spl,cosmo = slog,cosmo = 1.79942 +
(
1.81536− 2.09948b2) b2. (4.41)
Instead, for a flat Universe, i.e. for α = 0.8502 and β = 0.4817, we obtain the following value:
spl,cosmo = slog,cosmo = 2.0227 +
(
1.70528− 2.09683b2) b2. (4.42)
Finally, at Ricci scale, i.e. for α = 2 and β = 1, we obtain the following value:
spl,cosmo = slog,cosmo = −0.88631 +
(
3.95059− 2.77329b2) b2. (4.43)
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Following the same procedure of the first interacting case, for the case corresponding to
Q2 we have:
Ω′′Dpl = Ω
′
Dpl
{
2
β
[
1− Ωφ − ΩDpl
c2γpl
−
(
ΩDpl
c2γpl
+ β − α
)]
+ upl (2n+ 1)− b2
}
+ΩDpl
[
u′pl (2n+ 1)
]
, (4.44)
Ω′′Dlog = Ω
′
Dlog
{
2
β
[
1− Ωφ − ΩDlog
c2γlog
−
(
ΩDlog
c2γlog
+ β − α
)]
+ ulog (2n+ 1)− b2
}
+ΩDlog
[
u′log (2n+ 1)
]
. (4.45)
Using the expressions of Ω′Dpl, Ω
′
Dlog, u
′
pl and u
′
log obtained in Eqs. (2.170), (2.171), (4.31)
and (4.32), we have then that the expressions of Ω′′Dpl and Ω
′′
Dlog are given, respectively, by:
Ω′′Dpl =
{
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + ΩDpl
[
upl (2n+ 1)− b2
]}×{
2
β
[
1− Ωφ − ΩDpl
c2γpl
−
(
ΩDpl
c2γpl
+ β − α
)]
+ upl (2n+ 1)− b2
}
+ΩDpl (2n+ 1)
[
3uplωDpl + 3b
2 (1 + upl)
]
, (4.46)
Ω′′Dlog =
{
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + ΩDlog
[
ulog (2n+ 1)− b2
]}×{
2
β
[
1− Ωφ − ΩDlog
c2γlog
−
(
ΩDlog
c2γlog
+ β − α
)]
+ ulog (2n+ 1)− b2
}
+ΩDlog (2n+ 1)
[
3ulogωDlog + 3b
2 (1 + ulog)
]
. (4.47)
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We finally have then that expressions of spl and slog,cosmo are given, respectively, by:
spl =
1
βc2γpl
×
{
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + ΩDpl
[
upl (2n+ 1)− b2
]}×{
2
β
[
1− Ωφ − ΩDpl
c2γpl
−
(
ΩDpl
c2γpl
+ β − α
)]
+ upl (2n+ 1)− b2
}
+
ΩDpl (2n+ 1)
βc2γpl
[
3uplωDpl + 3b
2 (1 + upl)
]
+
{
2
βc2γpl
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + ΩDpl
c2γpl
[
upl (2n+ 1)− b2
]}×[
4
β
+
7
β2
(
ΩDpl
c2γpl
− α
)]
+
{
1 +
3
β
(
ΩDpl
c2γpl
− α
)
+
2
β2
[(
ΩDpl
c2γpl
− α
)]2}
×[
1 +
3
β
(
ΩDpl
c2γpl
− α
)]
, (4.48)
slog,cosmo =
1
βc2γlog
×
{
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + ΩDlog
[
ulog (2n+ 1)− b2
]}×{
2
β
[
1− Ωφ − ΩDlog
c2γlog
−
(
ΩDlog
c2γlog
+ β − α
)]
+ ulog (2n+ 1)− b2
}
+
ΩDlog (2n+ 1)
βc2γlog
[
3ulogωDlog + 3b
2 (1 + ulog)
]
+
{
2
βc2γlog
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + ΩDlog
c2γlog
[
ulog (2n+ 1)− b2
]}×[
4
β
+
7
β2
(
ΩDlog
c2γlog
− α
)]
+
{
1 +
3
β
(
ΩDlog
c2γlog
− α
)
+
2
β2
[(
ΩDlog
c2γlog
− α
)]2}
×[
1 +
3
β
(
ΩDlog
c2γlog
− α
)]
. (4.49)
Inserting in Eqs. (4.48) and (4.49) the values of the parameters involved, we obtain, for the
non flat case, that:
spl,cosmo = slog,cosmo = 1.79942 +
(
0.174543 + 2.07428b2
)
b2. (4.50)
Instead, for a flat Universe, i.e. for α = 0.8502 and β = 0.4817, we obtain that:
spl,cosmo = slog,cosmo = 2.0227 +
(−0.0892113 + 2.14416b2) b2. (4.51)
Finally, at Ricci scale, i.e. for α = 2 and β = 1, we obtain the following result:
spl,cosmo = slog,cosmo = −0.88631 +
(
4.22919 + 1.04046b2
)
b2. (4.52)
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Finally, for the case corresponding to Q3, we obtain:
Ω′′Dpl = Ω
′
Dpl
{
2
β
[
1− Ωφ − ΩDpl
c2γpl
−
(
ΩDpl
c2γpl
+ β − α
)]
+ upl
(
2n+ 1− b2)− b2}
+ΩDpl
[
u′pl
(
2n+ 1− b2)] , (4.53)
Ω′′Dlog = Ω
′
Dlog
{
2
β
[
1− Ωφ − ΩDlog
c2γlog
−
(
ΩDlog
c2γlog
+ β − α
)]
+ ulog
(
2n+ 1− b2)− b2}
+ΩDlog
[
u′log
(
2n+ 1− b2)] . (4.54)
Using the expressions of Ω′Dpl, Ω
′
Dlog, u
′
pl and u
′
log obtained in Eqs. (2.180), (2.181), (4.33)
and (4.34), we have then that the expressions of Ω′′Dpl and Ω
′′
Dlog are given, respectively, by:
Ω′′Dpl =
{
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + Ωpl
[
upl
(
2n+ 1− b2)− b2]}×{
2
β
[
1− Ωφ − ΩDpl
c2γpl
−
(
ΩDpl
c2γpl
+ β − α
)]
+ upl
(
2n+ 1− b2)− b2}
+ΩDpl
(
2n+ 1− b2) [3uplωDpl + 3b2 (1 + upl)2] , (4.55)
Ω′′Dlog =
{
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + Ωlog
[
ulog
(
2n+ 1− b2)− b2]}×{
2
β
[
1− Ωφ − ΩDlog
c2γlog
−
(
ΩDlog
c2γlog
+ β − α
)]
+ ulog
(
2n+ 1− b2)− b2}
+ΩDlog
(
2n+ 1− b2) [3ulogωDlog + 3b2 (1 + ulog)2] . (4.56)
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We finally obtain that the expressions of spl and slog,cosmo are given, respectively, by:
spl =
1
βc2γpl
×
{
2
β
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + Ωpl
[
upl
(
2n+ 1− b2)− b2]}×{
2
β
[
1− Ωφ − ΩDpl
c2γpl
−
(
ΩDpl
c2γpl
+ β − α
)]
+ upl
(
2n+ 1− b2)− b2}
+
ΩDpl
(
2n+ 1− b2)
βc2γpl
[
3uplωDpl + 3b
2 (1 + upl)
2
]
+
{
2
βc2γpl
(
ΩDpl
c2γpl
+ β − α
)
(1− Ωφ − ΩDpl) + ΩDpl
c2γpl
[
upl
(
2n+ 1− b2)− b2]}×[
4
β
+
7
β2
(
ΩDpl
c2γpl
− α
)]
+
{
1 +
3
β
(
ΩDpl
c2γpl
− α
)
+
2
β2
[(
ΩDpl
c2γpl
− α
)]2}
×[
1 +
3
β
(
ΩDpl
c2γpl
− α
)]
, (4.57)
slog,cosmo =
1
βc2γlog
×
{
2
β
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + Ωlog
[
ulog
(
2n+ 1− b2)− b2]}×{
2
β
[
1− Ωφ − ΩDlog
c2γlog
−
(
ΩDlog
c2γlog
+ β − α
)]
+ ulog
(
2n+ 1− b2)− b2}
+
ΩDlog
(
2n+ 1− b2)
βc2γlog
[
3ulogωDlog + 3b
2 (1 + ulog)
2
]
+
{
2
βc2γlog
(
ΩDlog
c2γlog
+ β − α
)
(1− Ωφ − ΩDlog) + ΩDlog
c2γlog
[
ulog (2n+ 1)− b2
]}×[
4
β
+
7
β2
(
ΩDlog
c2γlog
− α
)]
+
{
1 +
3
β
(
ΩDlog
c2γlog
− α
)
+
2
β2
[(
ΩDlog
c2γlog
− α
)]2}
×[
1 +
3
β
(
ΩDlog
c2γlog
− α
)]
. (4.58)
Inserting in Eqs. (4.57) and (4.58) the values of the parameters involved, we obtain, for the
non flat case:
spl,cosmo = slog,cosmo = 1.79942 +
(
1.9899− 3.79521b2) b2. (4.59)
For a flat Universe, i.e. for α = 0.8502 and β = 0.4817, we obtain the following result:
spl,cosmo = slog,cosmo = 2.0227 +
(
1.61607− 3.68551b2) b2. (4.60)
At Ricci scale, i.e. for α = 2 and β = 1, we obtain the following result:
spl,cosmo = slog,cosmo = −0.88631 +
(
8.17977− 7.47243b2) b2. (4.61)
We observe that, in the limiting case of b2 = 0, i.e. in absence of interaction, the results
of the three interacting cases lead to the same results of the non interacting case for all the
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three limiting cases taken into account. Moreover, for the range of values of b2 = [0, 0.025],
we obtain that the values of scosmo still stay between the range of the errors of the values
derived in Capozziello & Izzo [153] and John [154].
5 Concluding Remarks
In this work, we considered the Power Law Entropy Corrected Holographic Dark Energy
(PLECHDE) and the Logarithmic Entropy Corrected Holographic Dark Energy (LECHDE)
models in the framework of Brans-Dicke cosmology and we considered as infrared cut-off of
the system the Granda-Oliveros scale LGO, which contains a term proportional to the first
time derivative of the Hubble parameter H (i.e. H˙) and one term proportional to the Hubble
parameter squared (i.e. H2). The GO cut-off is also characterized by two free parameters
indicated with α and β. Both the power law and the logarithmic corrections to the entropy
are well motivated from the Loop Quantum Gravity (LQG).
We considered a non-flat FLRW background in Brans-Dicke cosmology, which involves
a scalar field φ accounting for a dynamical gravitational constant. We assumed a particular
ansatz, wherein the BD scalar field φ has an evolution depending on the expansion of the
Universe. Therefore, the correspondence between the field and the PLECHDE and LECHDE
models with GO scale as IR cut-off is established, in order to study their dynamics, which
is governed by some dynamical parameters, like the Equation of State (EoS) parameter ωD,
the evolutionary form of energy density parameter of DE Ω′D and the deceleration parameter
q. We calculated them in the non-flat Universe for both cases corresponding to absence of
interaction and presence of interaction between DE and DM. We have chosen three different
interaction terms between DE and DM, indicated with Q1, Q2 and Q3, which expressions are
given, respectively, by: Q1 = 3b
2Hρm, Q2 = 3b
2HρD and Q3 = 3b
2H (ρm + ρD). Moreover,
we calculated the limiting cases corresponding to λ = 0 (i.e., γpl = 1), to % =  = 0 (i.e.
γlog = 1), to Einstein’s gravity, to λ = 0 and Einstein’s gravity together and to % =  = 0
and Einstein’s gravity together as well. Furthermore, we considered the case corresponding
to the Ricci scale, which is recovered for α = 2 and β = 1.
We studied the statefinder diagnostic for the models we considered. We obtained that, for
the non flat and the flat Universe, the models we are studying lead to two points which
are slightly far from the point {r, s} = {1, 0} (corresponding to the ΛCDM model), with
the non flat case closer to the point corresponding to the ΛCDM model. Moreover, since we
obtained s < 0 for both cases, we can conclude that the models considered have a phantom-
like behavior in the case of absence of interacting between Dark Sectors for both flat and non
flat cases.
Instead, for the case corresponding to the Ricci scale, i.e. for α = 2 and β = 1, the models
we are studying lead to point in the {r, s} plane which is closer to {r, s} = {1, 0} if compared
with the other two models. However, since for the Ricci scale we obtained s > 0, it means
that for this particular limiting case we deal with a quintessence-like model.
For the interacting case, we can observe that, in the limiting case of b2 = 0, i.e. in absence of
interaction, we recover the same results of the non interacting case for all the three interacting
cases and for all the three limiting cases considered.
Considering b2 in the range [0, 0.025] for the cases corresponding to the non flat and to the
flat cases, we can observe that, for all the three interacting cases considered, we find a point
in the {r, s} plane which is closer to the one corresponding to the ΛCDM model if compared
with the non interacting case. This fact is more evident for the third interacting case, while
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it is slightly less for the second and the first interacting cases. Moreover, for all the three
cases considered, we have s < 0, which indicates a phantom-like model. For the limiting case
corresponding to the Ricci scale, we obtain that for all the three interacting case, there is a
departure from the point {r, s} = {1, 0}, corresponding to the ΛCDM model.
We finally made some considerations about the expressions for the cosmographic parameters
we obtained for the models studied in this work. We found that the value of the cosmographic
parameter s is in agreement with some results obtained in other recent works.
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